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Abstract 

Second-order Lagrangian densities admitting a first-order Hamiltonian 
formalism are studied; namely, i) for each second-order Lagrangian den¬ 
sity on an arbitrary fibred manifold p-. E ^ N the Poincare-Cartan form 
of which is projectable onto EE, by using a new notion of regularity pre¬ 
viously introduced, a first-order Hamiltonian formalism is developed for 
such a class of variational problems; ii) the existence of first-order equiva¬ 
lent Lagrangians are discussed from a local point of view as well as global; 
hi) this formalism is then applied to classical Einstein-Hilbert Lagrangian 
and a generalization of the BF theory. The results suggest that the class 
of problems studied is a natural variational setting for GR. 
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1 Preliminaries 

1.1 Legendre &; Poincare-Cartan forms 

Below, a fibred manifold p: E ^ N is considered over a connected n-dimensional 
manifold N oriented by a volume form v = dx^ A • ■ • Ada;". The bundle of k-jets 
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of local sections of p is denoted by : J^E N, with natural projections 
pf : J'^E ^ J^E, k>l. 

Every fibred coordinate system y“),l<j<n,l<a<m = dimE —n, 
for the submersion p, induces a coordinate system (/ = 

being a multi-index in N” of order |/| = < r) on J^E defined by, 


7/“ (^\ 

Hi \Jx^) — d{x^Yi ...d{x^Yr^ 


where s is a local section of p. We also set (j) = (0,..., 0, 1,0,..., 0) G N", 
(jfc) = (j) + (fc), etc., and pg.) = p“. 

The Legendre form of a second-order Lagrangian density A = Lv, defined 
on p: E ^ N^ L € C°°{ J'^E), is the E*(p^)-valued p^-horizontal {n — l)-form 
uj\ on J^E locally given by (e.g., see [18], [51], [25]1. 

WA = 0 dyf, 


where Vi = dx^ 
( 1 ) 

( 2 ) 


A • • • A dx'‘ A • • • A dx'^, and 

jij — 1 OL 

“ 2-5y dy^..^ ’ 

riO dL 1 n 

2-5ij^3 



and Dj = a|7+Sp|=o Sa=i Vj+U) denotes the total derivative with respect 
to the coordinate xE The Poincare-Cartan form (or P-C form for short) at¬ 
tached to A is the ordinary n-form on J^E given by 0 a = Awa-I-A (e.g., 

see m, m), where 6^, 6^ are the first- and second-order structure forms on 
J^E, J^E, locally given by (cf. [17], [24]), 0^ = 0^^^, 9^ = 

respectively, and 0“ = dy° — y^dx^, Of = dyf — y^-^^-^dx^, is the standard basis 
of contact 1-forms, and the exterior product of (pl)*^^ and the Legendre form, 
is taken with respect to the standard pairing V{p^) Xjie V*{p^) —>■ K. 


1.2 Projecting onto J^E or J^E 

The most outstanding difference with a first-order Lagrangian density is that the 
Legendre and Poincare-Cartan forms associated with a second-order Lagrangian 
density are generally defined on EE, thus increasing by one the order of the 
Lagrangian density A. 

For certain second-order Lagrangian densities it is known that the P-C form 
is projectable onto EE; e.g., see [10]. More precisely, the P-C form of a second- 
order Lagrangian projects onto EE if and only if the following system of PDEs 
holds (cf. [5], [TU]1: 

1 dfL , 1 dfL , 1 dfL ^ Q 

dyScdy°^ ^-Sia dyj^^dy^^ ^-Sic 9yf,,9i/“ ’ 

for all indices l<a<&<c<n, Q;,/3 = l,...,m. 
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More surprisingly, there exist second-order Lagrangians for which the asso¬ 
ciated P-C form projects not only on J^E but also on J^E. Notably, this is the 
case of the Einstein-Hilbert Lagrangian in General Relativity. 

As is well known (e.g., see [TTJ (1.3)], [HJ 2.1]), p^_i ■ J^E —>■ J^~^E admits 
an affine bundle structure modelled over the vector bundle 


(3) W’' = 0 {pl-^)*V{p) r-^E. 


Proposition 1.1 (cf. [12], [13]) • The Poincare-Cartan form attached to a La¬ 
grangian L G C°°{J^E) projects onto J^E if and only if L is an affine function 
with respect to the affine structure of pf: J^E -G J^E, namely 

(4) L = + Lo, G C^iJ^E),Lo G C^{J^E), 

and the following equations hold: 

(5) a,h,i=l,...,n, a,P 

The equations ([5]) admit a variational meaning. The Euler-Lagrange (or E-L 
for short) operator of an arbitrary second-order Lagrangian can be written in 
terms of the coefficients of the P-C form (see the formulas ([T]), ([2])) as follows: 


Ea{L) = DjDj 
i<j 




— M. 

dy^ 


A {L’’°) , 1 < a < m. 


dL 


The E-L equations for an affine second-order Lagrangian L, given as in the 
formula o, are of third order and they are of second order if and only if the 
equations (O hold (cf. [23l Proposition 2.2]). 

As the projection p^_i ■ J'^E -G J''~^E admits an affine-bundle structure, a 
natural vector-bundle isomorphism is obtained. 


( 6 ) r: = {pTs^t*n 0 ip^oTvip) ^ V{p:_y, 

where the vector bundle is defined in (|3]) . Given an arbitrary vector bundle 
W —>■ N, there exists an antiderivation 

ds/N- r(E,A^V*(p)0p*W) ^r(E,A^+^V*(p)0p*W) 

of degree -1-1—called the fibre differential (e.g., see [TT] (1.9)])—such that, 
dE/N{fP*i) = #lv(p) for all / e C°^{E) and all f G T{E,W). (In the 
previous paragraph, the relevant fact is that the vector bundle W ^ N is de¬ 
fined over the base manifold N, and not over the fibred manifold E.) 

In what follows we are mainly concerned with the fibre derivative djiE/joEi 
which will simply be denoted by dio for the sake of simplicity. 

A Lagrangian L G C°°{J^E) is an affine function with respect to the affine 
structure of pf : J^E -G J^E if there exists a linear form wl '■ -G R, which 
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is unique, such that, L{t + j^s) = wl{t) + L^j^s), Vr S S'^T*N K(x)(p) and 
e J'^E. 

By using the {W"^)* = {p^)*S'^TN ^ {pl)*V*{p), the linear form wl defines 
a section of the vector bundle {p^)*S'^TN 0 {pl)*V*{p) —>■ J^E. If L is locally 
given by the formula (HI), then wl = ^ ® where the symbol 

© denotes symmetric product. 

If : (II^^)* —>■ (p^)* ©^ TN © (Po)*fo*(p) is the natural embedding, then we 
consider the section 

(7) w'l^ = i(/i o o wl) : J^E ^ {p^)*TN © V*{pl) 

obtained by composing the following mappings: 


J^E ^ {p^)*S‘^TN^{plyV*{p) = {W'^y ^ {py* (E>^ TN (g> {plyV*{p) 


= {py*TN ^ [ipy*TN ^ {py*v*{p)] —^ {py*TN^vypy, 


where = l(pi)*TAr © ((7^)*) ^ is the isomorphism deduced from d®]) for r = 1. 
As {dx°‘/dy°^) = d/dy^, dually we obtain (/^)*(dioy“) = 9/9a:“©(ij/“|y(p). 
Hence w'^ = L’^dw {y%) © 

Remark l.I. The equations ([S]) simply means that for every index h the form 
■q^ = L^dyf is dio-closed, namely d^q^ = 0. Hence, there exist functions 
L* G C°°{J^E) such that locally. 


( 8 ) 




8yf 


aE 


1 < a < m, h,i = 1,... ,n, 


the equations (ii) above being a consequence of the symmetry . 

Letting W = TN va the definition of the fibre differential above, recall¬ 
ing that the Poincare lemma also holds for fibre differentiation (e.g., see m) 
and recalling that the fibres of pj: J^E —>■ E are simply connected as they 
are diffeomorphic to R™", the following global characterization of second-order 
variational problems with a P-C form projecting onto E, is obtained: 

Proposition 1 . 2 . (see |231 Proposition 3.1]) The Poincare -Cartan form of 
a Lagrangian L G C°°{J‘^E) projects onto J^E if and only if L is an affine 
function with respect to the affine structure of pf: J^E J^E and the TN- 
valued 1-form wf defined in the formula 0 is diQ-closed. In this case, for every 
global (smooth) section a: E ^ J^E ofp(, there exists a unique globally defined 
section wf G r(J^ill, (p^yTN) such that, diQ (wf) = wf, wf (cr(e)) = 0,Ve G 
E. 


Remark 1.2. A general procedure to obtain global sections a: E ^ E of p( is 
to use Ehresmann (or non-linear) connections, i.e., to use a differential 1-form 
j on E taking values in the vertical sub-bundle V{p) such that '){X) = X, 
VX G V{p)-, hence, locally (cf. [22]), 7 = {dy°‘ 'yfdxy © 7“ G C°°{E). 

The vertical differential of a section s: U ^ E (defined on a neigbourhood U of 
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X G N) at e = s{x) is defined to be the linear mapping {d^s)e- TeE Ve{p), 
(jFs)eX = X — SfPt:{X), \/X G TgE. We claim that for every e G E, there exists 
a unique j^s G J^E such that, i) s{x) = e, where x = p{e), and ii) (d'"s)e = 7e- 
In fact, one has (9(j/“ o s)/dx^){x) = — 7 “(e), and the section a'* attached to 7 
is defined by, a'^{e) = j^s. 

1.3 Summary of contents 

Bearing the previous definitions and notations in mind, the paper is organized as 
follows: In section[5]the Hamiltonian function, the momenta, and the Hamilton- 
Cartan equations attached to each of the aforementioned Lagrangians are in¬ 
troduced as a consequence of a normal form for their P-C form. This section 
also deals with the notion of regularity for the class of second-order variational 
problems with a P-C form that projects to first-order jet bundle. Although the 
Hessian metric vanishes identically for the Lagrangians of such class, a suitable 
notion of regularity is introduced for them. 

In [231 the study of the formal integrability of the field equations of second- 
order Lagrangians with projectable P-C form to first order in their Hamiltonian 
form is devoted. In the real analytic case, this allows one to solve the Cauchy 
initial value problem for this class of Lagrangians. The previous sections are 
then applied to GR in section [31 thus showing how the theory developed fits 
very well to the standard Lagrangians in this setting. Specifically, section [33] 
studies Einstein-Hilbert Lagrangian from this point of view, proving its regu¬ 
larity and giving a new statement for the initial problem. Similarly, section [3.21 
provides a strong generalization of the classical Lagrangians in BF-theory, again 
showing that the results obtained above can naturally be applied to these new 
Lagrangians. In section |4j the existence of first-order Lagrangians variationally 
equivalent to a second-order Lagrangian admitting a first-order Hamiltonian 
formalism is studied, both from local and global point of view. This generalizes 
previous results obtained for the E-H Lagrangian in [3] . Section [5] introduces 
the notions of symmetry and Noether invariant for the class of variational prob¬ 
lems dealt with throughout the paper and section [3] discusses in particular such 
concepts for the E-H Lagrangian. Finally, in section |3 the notion of a Jacobi 
field along an extremal is introduced and the presymplectic structure attached 
to a variational problem is defined. Several explicit examples are also developed 
in detail. 


2 Regularity and Hamiltonian formalism 

In the usual (i.e., first-order) calculus of variations, a section s is an extremal 
of the Lagrangian density A on J^E if and only if it satisfies the so-called 
“Hamilton-Cartan equations” (or H-C for short; e.g., see [TTl (3.8)], [TOl (1)]), 
namely, if and only if the following equation holds: (j^s)*(fxd0A) = 0 for every 
p^-vertical vector field X on J^E. 
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If A = Lv is an arbitrary second-order Lagrangian density on E, then the 
following formula holds (e.g., see [T8]'): 


(9) 


d0A = Sa{L)e°‘ Av + r]n+i{L), 


where r]n+i{L) = A Vi and r] 2 {L) is the 2-contact 2-forni given by, 


77* (L) = ^e-A 9 ^ + 


SL'° _ 0^ 
■ 9 ^ 




Ukl) 


j<k 


i<k<l 




(kl)- 


k<l 


From the formula ([5|) it follows that the H-C equations also characterize critical 
sections for a second-order density A; i.e., s is an extremal for A if and only if, 
{j^s)*{ixdQA) = 0 for every p^-vertical vector field X on J^E. 

Remark 2.1. If the P-C form of a second-order density A projects onto J^E, 
then its H-C equations have the same formal expression of a first-order density 
(see the formula (fT^ below), although there is no first-order density having 
0A as its P-C form. In fact, the P-C form of a first-order Lagrangian density 
A = Lv, L G C°°{J^E), is given by. 


(10) 0- =(_i)-i^dy“Au,+ifu, H = L-^yy. 

If 0A = 0Ai then the following three equations are obtained: 


1 ) Lliy = 0 , 


^0 Vi ^Oi ^ Qya Hi 


3) 


di 


From Q and 1) it follows L = Lq! hence L is of first order. 

Moreover, taking m into account, the formulas 2) and 3) above are respec¬ 
tively rewritten as Lq — L = yf = 0. Hence L = L. 

Theorem 2.1. (see |231 Theorem 4.1]) If A = Lv is a second-order Lagrangian 
density on E whose Poincare-Cartan form projects onto J^E, then letting 


(11) Pa = La-^, l<a<m,l<i<n, 

( 12 ) H = Lo-yfL^-^, 

where the funetions L* are defined by the formulas ©-(I), the following formula 
holds: 


(13) (i0A = (—1)* a A -|- dH A v. 
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Furthermore, if the linear forms dioiPa)- y^Po) K, 1 < a < m, 1 < j < n, 
are linearly independent, then a section s: N ^ E is an extremal for A if and 
only if it satisfies the following equations: 


(14) 



d{PaOj^s) dH 


dx^ 

d{y°‘ o s) 
dx^ 


dy° 

dH 


O jlfi, 




1 < a < m, 

1 < a < m, 1 < i < n. 


As is well known (e.g., see [H]), if the Hessian metric Hess(L) of a first- 
order density A = Lv is non-singular, then every section : iV —> J^E of the 
projections^: J^E —>■ N that satisfies the P-C equation for A is holonomic; i.e., 
coincides with the 1-jet extension of the section s = p^os^ of the projections. 
Namely, (s^)*(ixd0A) = 0 for every s^-vertical vector field X on J^E, implies 
gi = j^s. 

In the case of a second-order density with a P-C form projecting onto J^E, 
the following result holds: 

Proposition 2.2 ([23]). If A = Lv is a second-order Lagrangian on E such 
that, (i) its Poincare-Cartan form 0a projects onto J^E, (ii) the linear forms 
dio(sQ) ■ f^(Po) —)-K, l<a<m, l<i<n, where the functions sL are intro¬ 
duced in dm, are linearly independent, then every solution to its H-C equations, 
is holonomic. 


As So ■ —>• i? is an affine bundle modelled over = p*{T*N) 0 V(p) 

(cf. (O), there is a canonical isomorphism I: {pl)*W^ ^ f^(Po) locally given 

by, lUls, {dx^)x 0 (d/dy°‘)s{x)) = {d/dyf)y^s- 

According to the previous lemma, we can define a bilinear form 
( 6a: {pIYW^ Xj.e{pIYW^ 

( 15 ) hK{jls-,wo0YQ,wi0Yi) = {iYYY{dQY)Y} ^ 

[ Wa G TfN,Ya G 14(x)(p),a = 0,1; Y = I{j^s,wi 0 Yi), 

where (jfj, is the isomorphism defined by 

(16) <j)Y- a’" T,,N ^ 


for every 1 < fc < n — 1, obtained by contracting with v, namely 

A---AXk) = ix,. -.ix.v, VXi,... e T,N. 
If Wo = {dxYx and Fo = (d/dyYsix), then one readily obtains, 


JY(,Jv(d0A) = 


(wo, {(jl) ^ {iYoivideA))) = 


(-l)-i 

dLY 


{vYx, 


dy[ 


dy^ 


(icoY - -^(JxY- 
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In other words, 


Hence, the next result follows: 


, dVi 


dy, 


dy° 


Corollary 2.3. Let K he a seeond-order density on E whose P-C form projects 
onto J^E. If the bilinear form defined in (Ha is non-singular, then every solu¬ 
tion to the H-C equations for A is holonomic. 

Proposition 2.4. (see [531 Proposition 5A])The bilinear form &a defined in 
is symmetric. 

In fact, if L is the Lagrangian defined by 


(17) 


L = 


Ln — 


dL^ 

dx^ 




dE 

dy°‘ 


then, as a calculation shows. 


(18) 


dL 

w 


3 Applications to GR 

3.1 Einstein-Hilbert Lagrangian 

Below, we follow [^. Let pm- M = M{N) N he the bundle of pseudo- 
Riemannian metrics of a given signature (n'^,n~), + n~ = n. Every coor¬ 

dinate system (x®)lL;^ on an open domain U C N induces a coordinate system 
(pp,yjk) on {pm)~^(U), where the functions yjk = ykj are defined by, 

tjx — yij{yx){dx ^ {dx^')x 

= E © {dx%, ^9x € {pm)-\U). 

i<j ^ 

Following the notations in m, the Ricci tensor field attached to the symmetric 
connection P is given by Y) = trace(2’ i— R^{Z, X)Y), where i?'" denotes 

the curvature tensor field of the covariant derivative V'" associated to P on the 
tangent bundle; hence = {R^)jidx’' ® dx^, where {R^)ji = {R^)jkn and 

iR^))ki = ovyox^ - ar^dx^ + 

The E-H Lagrangian density is given by 

{REH)jlg = g"^{x){R^)‘fhj{x)vg{x) = LEH(.jlg)Vx, 

where v is the standard volume form, i?® is the curvature tensor of the Levi- 
Civita connection P® of the metric g, and Vg denotes the Riemannian volume 

form attached to g; i.e., in coordinates, Vg = det((gab)2 b=i)|r’- Hence, 

(19) Afiff o/g = (pog)(y*^ og)(R®)(‘^^., p = ^J\het{{yab)l^i,=i)\- 
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The local expression for Leh is readily seen to be 


+ {Leh\ , 


( 20 ) {Leh), = f E E (i+..)(i+^..) 

r<s fe<Z 

+ 2^^=' + y^'^y”) + 3y*^' (y'=’’y'® + y'^^’y'’’) 

- y*’' (y"*y'" + y'*y'") - y*'^ (y^’^y^' + y'"y'") 

-2y'=* (y^'y'’’ + - 2y'* (y^'y^’’ + y^'y^'^)) yM,^yrs,j. 

Hence Leh is an afhne function and according to Proposition 1 1.1 1 its P-C form 
projects onto J^M if and only if the following equations hold: 


0 ^ J{LEH)t _ d{LEH)Z _ d{LEH)t 
dyht,a dy rs,h dy 

rs^i 


where 

( 21 ) 


{Leh) 


^3 

rs 


1 QLeh 

2-^0 dyrs,ij 


1+(5t 


:P{y^ 


yjs + yJry^, 


2y-y*^) , 


and the result follows immediately as {LehYJs does not depend on the variables 
yij,k- 

In the present case, one has 


( 22 ) 


, dHo d{LEH)% d{LEH)Ys \ 

^ \ dyrs,jdyki,i dyrs dyn j 

~ 2-^^ kl yrs,], 
r<s 


(23) - ifv+fV’^) y^^ 

+ (y^'y'^' + y*'y"') y" + (y^'y'^' + y^'y"') y** 

- (y'^y'^ + y'*y"') y"* - (y”y*' + y'^y'^O y’"'] > 

(24) H = pJ2Y. {i+(5rs)(i+5fcz} ^ y y y 

k<l r<s 

+ y"' iy"y^^ + (y'^y'" + y^’-y'O 

-\v" (y^'y"* + y^'y'l - (y^'y"" + y=S^^)) y^s.^y^.z- 
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Remark 3.1. As a calculation shows, from the expression in (1241) for the Hamil¬ 
tonian of the E-L Lagrangian, for every j^g G J^M the following formula holds 
true: Hijlg) = p{x)g^^{x){(TS)l.{x)(TS)>;^^{x) - {T3)l.{x){r3)^^{x)). Hence the 
function H —considered as a first-order Lagrangian—not only provides the H-C 
equations for Aeh but also its own E-L equations, e.g., see [H 3.3.1]. 

Theorem 3.1 (cf. [5], [Z], US])- We have 

(i) With the natural identification V{pm) — P*mS‘^T*N, the bilinear form 
^Keh defined on p*j^{T*N S^T*N). 

(ii) The Lagrangian function Leh defined in dm coincides with the opposite 
to the Hamiltonian function. 


(hi) The E-H Lagrangian satisfies the regularity condition of Corollary 12.31 
Proof, (i) From the formula 

dpi, dLf 

dvl dyi dy- ’ 

and (l2^ . (l23l) it follows that the matrix of b^EH the basis {dx^)x(Si{d/dyjk)g^, 
gx G p~^{x), 1 < i < n, 1 < j < /c < n, at a point jfg is 






j\cd,h 


(gx)) 


c<.d,h ’ 


and one can conclude. 


(ii) It follows from the formulas (IT 8 )) . (l 2 ^ . (1241) by means of a simple calculation, 
(hi) The proof is similar to that of Proposition 5.1 in [3], as 

dplnr _ d^LEH _ 0^ L'^ 

dycd.h dymr.jdycd.h dyjnrpdycd,h 


where L^ is the first-order Lagrangian variationally equivalent to Leh intro¬ 
duced in [3]. 

In the present case, the equations m become 


0 = 1 - Oj^s, 


dx^ 


dyu 


^ _ d{yki os) ^ dH 
dP 


1 < k < I < n, 

1 < i < n, 1 < k < I < n. 


□ 


Remark 3.2. By using the previous theorem, in |231 Theorem 6.2] the following 
result has been obtained: 

“Given symmetric scalars 7 *^, = 7 ^^ , i,j,k = 1,..., n, there exists a Ricci-flat 
(pseudo-)Riemannian metric g of signature (n~, n'^) defined on a neighbourhood 
of a;o e such that, gij{xo) = {T^))j^{xo) = Yjk^ for all i,j, k.” 
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3.2 BF field theory 

In this section we consider a new approach to BF Lagrangians (cf. [5], [3, [5], 
[H]) [H]) generalizing the E-H functional. 

Let tt: F{N) N he the principal R)-bundle of linear frames on N. 
Given a metric g on N, let TTg: Fg{N) C F{N) ^ TV be the subbundle of 
orthonormal linear frames with respect to g, i.e., u = {Xi,... ,Xn) belongs to 
Fg{N) if and only if, g{Xi,Xj) = SiSij, with Si = +1 for 1 < i < n+ and 
Si = —1 for 1 + n~^ <i<n. This is a principal bundle with structure group the 
orthogonal group 0(n~^,n~), + n“ = n, associated to the quadratic form 

By virtue of the symmetries of the curvature tensor of the Levi-Civita 
connection of a metric g, for every X,Y G T^N the endomorphism R^{X,Y) 
takes values in the vector subspace of skew-symmetric linear operators (with 
respect to gx) in End(Ta;TV) = T*N ® TxN. More generally, let pm '■ M ^ N 
be the bundle of pseudo-Riemannian metrics of signature (n+,n“), and let 


A{TN) C (pm)* End(TTV) = M Xn End(TiV) 


be the vector subbundle of the pairs {gx,A), gx G {pm)~^{x) and A G End(Ta;iV), 
such that gx{AX,Y) + gx{X,AY) = 0, \/X,Y G TxN; i.e., A is skew-symmetric 
with respect to gx- Pulling A{TN) back along a metric g, understood as a 
smooth section of pM: M ^ N, one obtains the adjoint bundle of the bundle 
of orthonormal frames with respect to g, i.e., the bundle associated to Fg{N) 
under the adjoint representation of 0(n+, n“) on its Lie algebra o(n+, n~), i.e., 
g*A(TN) = adFg(iV) = (Fg(TV) x o(n+,n“))/0(n+,n“). 

If /3 is an M(TTV)-valued pM-horizontal (n — 2)-form on M, then a second- 
order Lagrangian density is defined on ,PM by setting, 

(25) (^/3)g2g = Li3{jlg)v{x) = trace {l3{gx) A R^x )), 


where i?® is considered as a adF'g(A^)-valued 2-form on N. Locally, 


(26) 


i?® = ''^{R^Yji^idx'^ A dx* 0 dx^ 0 

k<l 


A 

dx‘ 


= X! l^kljVkl ® dx^ 0 

k<l 


d 

’ 


g e G-(M), 


where Vki = dx^ A ■ • • A dx^ A ■ • • A dx* A • • • A dx". Here and below, we identify 
the vector space End(Ta,A^) to T*A^ 0 TxN by agreeing that w; 0 X is identified 
to the endomorphism given by, (ry0X)(F) = w{Y)X, MX, Y G TxN, w G T*N. 
Hence 


(27) Lp{jlg) = 

k<l 
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If we set Ph j = —Pf). j for A: > I, then, as a calculation shows, the following 
local expression holds: 

(28) L0 = + L% 

with 


^^ = EE 4(l + (5fcO{H-^r.) 
k<.l r<s 


{[{-iypf^y^r^{-iyp'^ly*^] 


+ + i-iyp^tv'^] + [{-lypftv^'^ + {-lyp’^iyy 

+ [{-iyp\w^ + {-lypiwy + [{-lyp^iy^ + i-iyp^ty^y 

- [{-lypyy^ + {-lyp^y^y - [{-lypyt^^ + (-lyp^ty^y 


(-iypi^y^^ + (-iyp. 


It y 


{-lypiiy^ + (-i)'/3, 


S3 tk 

It y 


ykl.iVrs.j 5 


where Pj^ = {-lyph t + Pji^t^ the equations Pic,iy''^ + = 0 

have been used, which hold because P takes values in A{TN). 

Remark 3.3. Attached to each A(rA^)-valued pM-horizontal (n — 2)-form p on 
M there exists a section p of the vector bundle {pMy{/\‘^TN) (g) A{TN), given 

- -1 

P{9x) = P{gx) o {Pi ® id^(TAr)) \ '^9x& M, 

where pl is the isomorphism defined in ((T5)) . If P is locally given as in (PSI) . 
then 

^(9.) = '' ® ’ 

Vgx G M. 


If sym]^ 4 : —)• is the symmetrization operator of the arguments I 

and 4, i.e., sym 44 (Ari(g)X 2 (g)Ai 3 (g)Ai 4 ) = Xi^X2^X3^X4 + X4^X2^X3®Xi, 
for all Xi G Tj;N, 1 < f < 4, and for every p > 0, <7 > 1, the symbol t) denotes 
the isomorphism (g)P+^r*A^(g)^“^ T^N induced by the metric 

gx, then 

and the formula (l28l) can be rewritten as, Lp = (—l)°+^/3“)'j/*'^2/ab,cd + 

Theorem 3.2. Let Ap be the Lagrangian density attached to a A(TN)-valued 
PM-horizontal (n — 2)-form P as defined in ([25]). Then 

(i) The Lagrangian function dHI) coincides with the E-H Lagrangian (i.e., 
Lp = Leh) if and only if the form P is given by, 

(29) {PehYm^ = (-i)'=+'+V {S^'^y^' - , 

where the function p is defined in (HU. 
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(ii) With the natural identification V(pm) — PmS'^T*N, the bilinear form 
is defined on p*f[{T*N ® S‘^T*N). 

(iii) The E-L equations for the Lagrangian density Ap are the following: 

(30) g*idM/N/3) A + symi2 (u;„_i(g,/3)) = 0, 

where, 

• V® is the covariant differentiation with respect to the Levi-Civita con¬ 
nection of a section g of the bundle pm '■ M —>■ TV. 

• The fibre differential dM/N^ is understood to be a section of the vector 
bundle (pM)*((<5'^'rTV) 0 A"“^T*iV (g) End(TiV)), taking the isomor¬ 
phism V*{pm) — {pm)*{S‘^TN) into account. 

• 9*{dM/Nld) A i?® is the S^TN-valued n-form on N defined by, 

{g*{dM/Nl3) A RS) {wi,W 2 ,Xl,. .. ,X„) 

trace |g*(dM/jv/9) (wi,W 2 ,Xi,.. .,Xk, ...,Xi,.. .,X„'^ o R^{Xk,Xi)'^ , 
VXi,..., G AT, Vwi, W2 e TfN. 

• ujn-i{g,/3) is the (TN ®TN)-valued in — l)-form on N given by, 

uJn-i{g,P) = (g)idTAr( 8 i(/>i) 

(j)\ being defined in the formula (HU). 

• sym 22 : TN ^ S^TN denotes the symmetrization operator. 

Proof, (i) By comparing the formula (1271) with the following: 

LehU19) = E 

k<l 

we obtain ((^ directly. 
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(ii) As a calculation shows, the matrix of is given as follows: 


^' TKs',i,aKb^j 

dLZ dL% 

dyrs,i^yab,j ^yrs ^yab 

= {- + (-i)X* y ‘1 

+ [{-lypYtv''' + y“ + + (-1)^/3,7y‘“] y*" 

+ [(-i)'/3,fy** + {-lypfty*^] + [(-i)'/3f/y‘’- + {-lYPfty'^] y^^ 

- + (-iv 73 ;f 2 /‘l 2 /™ - [(-i)'/ 3 ^r 2 /‘' + 

- [(-i)“/ 3 rty‘' + y"' - [(-i)“/ 3 Sy‘' + i-iyPYt^y y^^ 

-i-iypY (y^'-y'^ + y-^y^y - {-lYpy {y*^y^^ + y*^yn 

-{-ly^y (y‘“ 2 /''" + 2 /^ 2 /“*) - (- 1 )*/?:^ (y^^y"" + y^y^") 

+ (1 + <5..) ((-l)“|^y‘*' + i-iyp^yA 

y ^yrs ^yrs J 

+ (1 + Sat) ((-!)'■ } > 

thus proving the statement. 

(iii) The E-L equations for the Lagrangian density = L,gz; are straightfor¬ 
wardly computed, thus obtaining, 


s^yL0)ofg = i{-iy 


^dPii 




- TO [(-1)“$;" + (-i)'’$r] + (-1)' [<fr'’(r^)w + <^yinri \}, 


for 1 < a < 5 < n, where 


K’’ = E(-1)' ° 9)1,^ ° 9)Z, (r'^)L j 2/”- 

Moreover, the following local expressions are deduced: 

9*{dM/Ny)AR^ = ^^-iy+i+ij2f^f^ki,^ \ d _ d 


(d^yg*P))^ = 


a<b 

d 




d 


dx°- dx^ ’ 


from which the result follows. 


□ 
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Corollary 3.3. A flat metric g is a solution to the equations dSOl) if and only 
if the form (3 in (|26l) satisfies the following equation: 


r.23 

-12 


(V^f |symi 4 


= 0 , 


where cfl: < 8 ^ T*M (g)"* TM —>■ ^"^TM denotes the contraction operator of the 
first covariant index with the second contravariant one, and the second covariant 
index with the third contravariant one. 


Remark 3.4. The geometric construction of the form (0^ is as follows: Given 
an arbitrary system Xi,..., Xn -2 G TxN, we must define a skew-symmetric 
(with respect to gx) endomorphism fi{gx){Xi,..., Xn- 2 ) ■ T^N — T^N. 

If the given system is linearly dependent, then l3{gx){Xi,..., Xn- 2 ) = 0. 
We assume: i) The system {Xi,... ,Xn- 2 ) is linearly independent. Hence its 
orthogonal H = (Xi,... ,Xn- 2 )^ is a subspace of dimension 2 in T^N, ii) the 
subspace (Xi,... ,X„_ 2 ) is not singular with respect to gx- Hence 


TxN — H © (Xi, . . . , Xn-2) 5 

and H is also non-singular. Let (n+(n), n“(n)) G {(2,0), (1,1), (0, 2)} be its 
signature and let 

( £2(11))’ (ei(n),£2(n))e {(1,1), (1,-1), (-1,-1)}, 


be the matrix of gx in an orthonormal basis (YijYz) of H, which, in addition, 
is assumed to satisfy the following: v{Xi,..., Xn- 2 ,Yi,Y 2 ) > 0. If Zj = bjYi, 
i, j = 1, 2, is another orthonormal basis with ^^(Xi,..., X„_ 2 , Zi, Z 2 ) > 0, then 
det(&}) = 1. Hence (&}) belongs to 5'0(n+(n),n“(n)), and the endomorphism 
: H —>■ H given by J^”’(yi) = ei(n)F 2 , Ju 0 ^ 2 ) = —£ 2 (II)Fi, is independent 
of the basis chosen (as 5'0(n+(n), n”(n)) is commutative) and skew-symmetric. 
We define : TxN TxN by setting, J^*|n = l(X,...Xn- 2 ) = 0- 

Finally, 

(fiEH) igx)iX ,,..., X„_ 2 ) = det ig(Yn, n))lfa^i Vg^ (Xi,..., X„_ 2 , Fi, Fa) Jff ■ 

Remark 3.5. The bilinear form b\p is identified to a section of the vector bundle 
p*^ ((TX © S'^TN) © (TX © S'^TX)), and the following formula holds: 


symi2(/3) +alti3(/3) - 


5 sym 45 (|alt46 sym42(/3) + alti3(/3) - fi 

+ isym(i2)_(45) dM/N (sym23 (sym44(^“))) , 

where the operators altij, sym,^-, sym(4 2 )( 4 ,5) ■ ®^TxN — )• ®^TxN, 1 < i < j < 6 
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are defined as follows: 


alty {Xi ® ® Xi ® ® Xj ® ® Xq) = 

Xi® ■ ■ ■ ® Xi® • ■ ■ ® Xj ® ® Xq — Xi ® ® Xj ® ® Xi® • ■ ■ ® Xq, 

syniy (Xi ® ® Xi® ■ ■ ■ ® Xj ® ® Xq) = 

Xi® ■ ■ ■ ® Xi® ■ ■ ■ ® Xj ® ■ ■ ■ ® Xq -\- Xi ® ■ ■ ■ ® Xj ® ■ ■ ■ ® Xi® ■ ■ ■ ® Xg, 

sym(i^2)(4,5)(^i ® ® Xq) = 

Xi®---®XQ + Xi®X5®Xii®Xi®X2®XQ, 

Xi,...,Xe€T,N, 


and the contravariant 6-tensor is given by, 


P = syniis sym23 (symi4(^“‘)^ 0 - syniag (^symi4(^“‘)) (g) 


Remark 3.6. If /3 = Peh in Theorem 13 . 21 fiiil. then the functions (appear¬ 
ing in the proof) vanish, and the equations (1301) reduce to Einstein’s vacuum 
equations for arbitrary signature. 


4 First-order equivalent Lagrangians 


Theorem 4.1. Let A = Lv he a seeond-order Lagrangian density onp: E ^ N 
whose Poincare-Cartan form projects onto J^E. We have 

(i) The H-C equations of the first-order Lagrangian Lv given in dnD coincide 
locally with the H-C equations of A. Furthermore, if L' is another first- 
order Lagrangian fulfilling this property, then L'v — Lv = Dun-i, where 
D denotes the horizontal exterior derivative and Un-i is a p-horizontal 
(n — l)-form on E. 

(ii) The E-L equations of A, considered as a second-order partial differential 
system, satisfy the Helmholtz conditions. 

(hi) The E-L equations of the first-order Lagrangian Lv above coincide with 
E-L equations of A. 

(iv) Let (j)]j he the isomorphism defined in (HU) for k = 1 and let be the 
TN-valued section on J^E defined as in Proposition [T2J The composite 
mapping tfl o w^ff^ can be viewed as a p^-horizontal (n — l)-form on J^E 
and the difference L„v = Lv — o w^’^) determines a globally defined 
first-order Lagrangian which is variationally equivalent to Lv, but this is 
not canonically attached to Lv as it depends on the section a. 

Proof, (i) Locally, the Hamiltonian and the momenta associated to L are given 
respectively by (cf. formula (fTUl) in Remark |2.1|) . 


H = L-yf^, 

dyf 


dL 

dyf 
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By comparing the H-C equations for L with the H-C equations for L given in 
o, one obtains, H = H and Pa = Hence 


(31) 

(32) 


T 


Ll°- 


dU 


dyf 

dL 

W 


Replacing (ESI) into m, one concludes that L is given as in the formula 
mi)- Moreover, if L' is the first-order Lagrangian associated to other primi¬ 
tive functions L'® = + A\ € C°°{E), according to Proposition 11.21 then 

L' = L- D,A\ 


(ii) As a simple—although rather long—computation shows, the second-order 
differential operator £a{L)dy°‘ A v satisfies the equations (1.5a), (1.5b), and 
(1.5c) in [1]. In fact, by using the formulas ([T]), ([2]), and dH), the following 
equations are checked: 


(1.5a) 0 

(1.5b) 0 
(1.5c) 0 


dSc^jL) 

dSUL) 

dyf 

dSo^jL) 

dy- 


d£a{L) 



( d£a{L) \ 

V ^yh)) ' 


(iii) From the formula (TTfl) . it follows that the Lagrangian L can also be written 
as L = L — DiA, thus proving that L and L differ on a total divergence and, 
hence £aiL) = £a{L). 

(iv) Locally, w^’'^ = A^d/dx'", hence = (—l)*“^L(,.Ui, and consequently, 

D{(j)\ o = {DiA^)v. The result thus follows from Lc = L — DiU^ in item 

(iii). □ 

Remark 4.1. As is known (e.g., see [121 (2.21)-(2.25)]), the Vainberg-Tonti La¬ 
grangian Lvt attached to a second-order affine Lagrangian as in (0]) is also 
affine, say Lyr = {Lvt)o + {Lvt)i, with {Lvt)i = {Lvryiy^ij)- Then, as a 
computation shows, one has 

Lyr-L = -D,(^l 


where XA(a^% J/“, yf) = (a:*, Ay“, Ayf), but it should be noted that the Vainberg- 
Tonti Lagrangian is of second order in the general case; e.g., if L(x,y,y,y) = 
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Li{x, y, y)y + Lo{x, y, y), then Lvt = {Lvt)o + {LvT)iy, with 

/*! f nr ^2 T 

{LvT)i=y J l2X-^{x,Xy,Xy) + X-^^{x,Xy,Xy) 


d^L 


d^Ln 




/•I r Qj^ d^L 

{LvT)o^yJ l-^{x,Xy,Xy) + -^{x,Xy,Xy) 


ffiT rP'T 

+ -^2/- ^2/) + 2A2/^(x, Ay, Ay) 

-'»>} "■ 

Therefore Tvt is of second order, except when {Lvt)i = 0, and this latter 
condition is seen to be equivalent to the following: 

n = 2^ + ^+ 

dy dxdy ^ dydy dy"^ 

In the particular case of the bundle of metrics, there exists a more specific 
way to obtain a section a oi p\-. M ^ M than the procedure suggested in 
R emark 1 1.21 which depends on a linear connection only rather than a non-linear 
connection; namely. 

Lemma 4.2. Let pm '■ M ^ N be the bundle of pseudo-Riemannian metrics 
of a given signature n~^ + n~ = n, and let V be a symmetric linear 

connection on N. For every gx € there exists a unique 1-jet of 

metric jf.g € JxM such that, 1) gx = gx, and 2) {S/g)x = 0. The mapping 
a'^ : M ^ J^M given by cr^(gx) = jx9 *5 a section of p^: J^M —>• M. 

Proof. If r®^, are the local symbols of V in a coordinate system, then as a 
calculation shows, the condition 2)—assuming 1)—of the statement is equivalent 
to, 

= T^k{x)ghj{x) + T^^{x)gh^{x), 

thus proving that makes sense. □ 

Proposition 4.3 (cf. [3l II]). Let pM' M ^ N be as in Lemma Td. 2 1 For the 
E-H Lagrangian, the density {LEH)a^v introduced in Theorem ld.ll fivl is given 

by, {LEH)a^ {jlg)vx = c (^(alt23 (V^TS)^)**^ (ug)^, for all jig e where 

alt23: T*M ® TM ® TM 

denotes the alternating operator of the second and third covariant indices, and 
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is the isomorphism induced by g, i.e., 

® W2 ® W3 ® X !->• 0 W2 0 (ws)** ® X, 

and c: (8)^ T*M (8)^ TM —>■ R is the total contraction of the first (resp. second) 
covariant index with the first (resp. second) contravariant one. 


5 Symmetries and Noether invariants 

Given fibred manifolds p: E ^ N, p': E' ^ N', every morphism $: E ^ E' for 
which the associated map on the base manifolds (): iV —>■ V' is a diffeomorphism, 
induces a map 

: rE J^E', 

(r) 

If is the flow of a p-projectable vector field X, then is the flow of a vector 
held G X(J''if), called the inhnitesimal contact transformation of order r 
associated to the vector held X. The mapping X i—7> is an injection of Lie 
algebras. For r = 1,2, the general prolongation formulas read as follows: 

X = u^^+v<^^, 
uh G C°“(iV),u“ G C^(E), 


X(i) = u* A 


dx'^ 


,,Q; d 

dy° 


dyf 


= A (u“ - u^y<^) + u’^y'fh^) 




dy° 


ji<j '^ij dy 


= D,Dj (u“ - u'^y^) + u^yfhijY 


(o) 


Theorem 5.1. Let A = Lv he a second-order Lagrangian density onp: E ^ N 
with P-C form projectable onto J^E. If X is a p-projectable vector field on E, 
then the P-C form of the second-order Lagrangian density A' = L'v = Lx{ 2 )A 
also projects onto J^E and the following formula holds: 


0L^(2)A — Lx(i)Qa. 

Therefore, if s: N E is an extremal for A and X is an infinitesimal symmetry 
(i.e., Lx( 2 )A = 0), then the (n — l)-form (j^s)*ixwQ is closed. (The {n — 1)- 
form fjf(i)0 is called the Noether invariant associated to X.) 

Proof. We have L' = X^'^\L) +div(X')L, X' being the projection of X onto N 
and div(X') the divergence of X' with respect to v. According to Proposition 
o we must prove the existence of functions Lg, L'-ff = L'fd on J^E such that, 

L' = L'f)y(,Y + ^0’ 

a,/i,j= l,...,n, a,/3= 1,...,TO. 
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As L satisfies such formulas by virtue of the hypothesis, and projects onto 
x(i) , we have 


L' = 


(33) 


{Lf) + 


dv^ 

dy°^ 


T ab o du^ T br 

' 


div(A'')L 


ab 


y{ab) 


dx^dx^ 


P d^v°‘ I ,,/3 7 d^v 
"i dx'dyf^ ' yj dyl^dy~i 


dx^dx^ 


+X(i) (Lo) +div(X')Ao. 


Hence 

(34) Lr = {Lf) + ^Lf - + div(X')A“^ 




/'Qcr'l T' — rij ( i d^v'^ fl i fi i ^rf d"‘u'‘ 

yoo) i^Q ydx'dxi ' dx'dyl^ "i dx^dyf "i dyl^dy~< "t dx'dx^ ohj 

+X^X {Lo)+div{X')Lo. 

From the formula ((3^ it also follows: 

L'o = (Lp) + div(X')Lo. 

Replacing ^ ^(i) ^ i^to the formula for 


—we obtain 
SVh 


^Vh 


and similarly, 
dyf 


y(i) (2lM-\ 4- I dvL^I^ 






, j- (vf\dL^^ 

dx^Oy? 9,a 9^^ + CllVfA j , 


= x(i) 


dyf 


dv^ _ dui 9Lf ^ g^-y 3L;'- 


9y“ dy'J 
0®“ dyf 


du^ du' I A-„,fv'\^^'p 

' dx<^ dy’^ dx<^ dv"^ fcnvi^yv j g^a, , 


ol; 
9yf 


d^ dyf 


,n, d T 

and taking the formulas (EJ into account, we can conclude that ^ % = —— 

^ dyZ 


dyf 


Moreover, from the formula [531 (8)] we know 


(36) 

where 


0A = (-1)^-1 {L^dy'^ + U^dyZ) A u. + (l - y; 


■7/“ 

-^i - 


V(hi) 


Ll^ 


V, 


= Lo-y^L 


■ ih 

Ab = 


Oi Y iO 
a ’ 
dL 


2-Sij dyf... ’ 

r hk 


ThO_ dL„ dL-- ,ydL-- 
/3 Qy^ dx^ dyi 
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the third equation again being a consequence of ([S]). Hence 


LxW ©A 


(_1)-1 {L^) dy^ + {V^) dy{) A u. 

+ 1^) ^ + {-ir^^^L'^dyP A V, 


+(-l) 


i—1 jih I dvh 


dy'^ + ^dy^ ) A Vi 


• 9yP 

+(-l)*-i {L^dy^ + V^dyt) A Lx'{v^) 


+ 


(Lo - y“iL°) y + div(^') (Lo - y“iL°) ^• 


Expanding the right-hand side above we obtain 

Lx(i)0a = (-1)*-' (Xd) (Lj^o) + A u, 

+(-!)*■' A u. 

+ (-l)*-i (L^°dy“ + LL'dyA) A 
+ (x(i) (Lo - yfiL") + ia ^ 

+ div(X')(Lo-2/“L")u. 

Moreover, by applying the formula (l36l) to the density A' we have 

©A' = (-1)*-' (Lf d2/“ + Lf A u, + (L' - y“Lf) u. 
We first compute L'^. From ([2|), (1551) . (IMl) . and (1551) we deduce 




XW (L^O)+div(X')LL° + |^Lf 


^ 0 
dx'^ “ 


-f 


■ 


Furthermore, 


L:^^=xW(LL^) + div(X')LL^+A*i, 

L' = X(i)(Lo) + div(X')Lo + 


with 


A^] _ dv^ r^J _ 

- dy-^P Q^r 


T rj du^ T 
dx^-^ 


ri 
a 7 


TP _ d'^yf^ I ,,7 I d'^v^ 7 , _0!«f_,,7,,<^ 

/ifc dx^dx^ ' dy~^dx^ ' dy'^dx^ ' dy'^dy^^h^k 


d^u\ .8 
dx^dx^ i/r 


Hence 


L'o - y?L: 


HO 


X(i)(Lo - y^L^) + div(X') (Lo - y“L") + + 


9-^h Thk 
dx'^ ^ ’ 
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and we obtain 


0A' = (-1)*-' (L^O) + + ^Lf) dy^ A n, 

+ (-1)^-1 (div(X')L" - dy^ A V, 

+ i-iy-^ + ^Lf - I^L-) dy^ A V, 

- i-iy-^I^Ly^dy^ AV. + (-1)^-1 diviXyiy^dy^ A v. 

+ (x(i)(Lo - VTL^) + div(X') (Lo - yfi") + ^■ 

By using the formula Lx'{vi) = div(X')wi + ^^^^(—we can thus 
conclude that ©a' = Lxw^a- Finally, if Lx( 2 )A — 0, then = 0 and by 

virtue of the formula in the first part of the statement we deduce LxwQa = 0. 
Hence {j^s)*{dix(i)Q) + {j^s)*{ix(i)d<d) = 0, and we can conclude recalling 
that the second term in the left-hand side vanishes, as follows from the H-C 
equations in Theorem 12.11 □ 


6 Symmetries of the E-H Lagrangian density 

Example 6.1. In the particular case of the bundle of pseudo-Riemannian metrics 
of a given signature pm- M ^ N (cf. section [3T]) . the natural lift of a vector 
field X' = in X{N) is given as follows (cf. [5^ section 2.2]): 

^ ~ ^ + ^piVih^ € X(M), 

i<j 

and from the geometric properties of the scalar curvature the E-H Lagrangian 

density Aeh admits X'j^ as an infinitesimal symmetry for every X' S X{N). Let 

us compute its Noether invariant \wQeh along an Einstein metric 

(A-m ) 

g. From the formulas 




y^yhj + -g^yiii J 


d 

dVij 


-n 


dx^dx'^ y^3 


dxd dx 


TVhi H“ Qj.i yhj,k H“ Qj.j yhi,k “t” Qj.k Vij.h^ 


d 

dyij^k ^ 


©Bff = (-1)* ^ dyu + {Leh)m dyki,h^ A Vi 

+ (^{Leh)o - V, 

where {Leh)^, {LehYu, {Leh)q are given in ([2]), dH]), and ([20]), respec¬ 
tively, by using a normal coordinate system centred at x G IV we even- 
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tually obtain 




(-!)•{(. 

(" 


d-^u' 


d^u'' 


(x) 


Qx^dx^ dx^dx^ ^ 

+ (siSk^^ - Si£k£^) (x)u^ (x) 

- (sjSkS^ -£h£kS&^)(^y(^)} 


By composing the tensor and the isomorphism induced by the 

metric, 0 id: T*N ^T*N (Si T^N —>■ T^N ^T*N (S T^N, we have 


((V^)^ X')[ = 0 (dx^)^ 0 (x) . 

Contracting the first contravariant index and the first covariant one, it follows: 
c} ((V^)^ X')[ = s, (x) (£)^ , 

and contracting c} X'^ and the volume form, 

*c}((V9) = Js:')“ ^ (“!)* (dxidxf^ + ) (^)('’^i)x- 


Similarly, contracting the second contravariant index in 
first covariant one, it follows: 


((Vsf 


and the 


and also. 


c? ((V^f X') “ = 5, (x) , 

*c2((V9) = X')* ~ {dx'dxf' + “ ~d^ ) 


Finally, 



( 1 ) 


Qeh 


*c2((V9)x')* C;((vs)x')* 


Theorem 6.1. For n = dimiV > 3 the vector fields of the form X'j^, X' G 
X{N), are the only infinitesimal symmetries of the Lagrangian density Aeh- 

Proof. Let pm ■ AI N he the bundle of pseudo-Riemannian metrics of a 
given signature. If X is an infinitesimal symmetry of Aeh and X' is its pm- 
projection onto N, then X — X'^^ is a pM-vertical symmetry of Aeh- Hence, 
the statement is equivalent to saying that the only pM-vertical symmetry X of 
the E-H Lagrangian is the null vector held. 
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Let p: E ^ N he a, submersion, li X = F“ € C°°{E) is an infinites¬ 

imal symmetry of a second-order Lagrangian L with P-C form projectable onto 
J^E^ then (L) = 0, where 

D»D.(r")4-. 


As 


) — dx' ^ yi dy” ’ 

n.n rv“i = oV° , qv ^ , .fi ( aV° , „,7 A 

h i\ j dx^dx^ ' yh dx^dy^ ' ^hi dy^ ' yi y dx^dy^ dy^dy~f J ’ 

it follows: 

^(2)(^) ^ v^^Hi + i^tfracdV^dx^ + y^^)!^ 


dy- 


jk 


(9VZ 4- -iiPEEl'] _|_ r Jfc ) ,,/3 
dx'^ ' dyP j 0y“ ' Qy^ j Ujk 


+E^ 


ht ( d‘^v^ , aV , ../3 /" d'^v^ , ,.7 

Q; I dx^dx'^ ' dx^dy^ ' I dx^dy^ ' dyl^dy~^ 


h<.i 


Hence, the coefficient of y^f. must vanish and we obtain the following system of 
partial differential equations: 


• dv° 

dyP 


'J — dy<^ ^ ^ Wi dyf ) dye ^ 

0 = 

jm( 3^V° I B b( pV° 7 \\ 

' / dx^dx^ ' yh dx^dyh ' dx^dyh ' yh dyhdye j j 


In the case of the E-H Lagrangian, we obtain 

v'fe 

t, ti ' 

dyab 

a<D 


il n _ T/ab i ( T 

IJ U-Z^ Oy„b +\^EH)ab-d^ 


, j <k,s<t, 


(37) 


[ii] 0 = X) < 


a<.b 


dyab 


dV^' 

dx^ 


_L V 7/ -ZEl! 1 ^(Eeh)o 

-r yuv,l I dyab,i 

U<V J 


+ E [LEutb 

h<i 


dx^dx^ ' ^ Qx'^dyst 


s<.t 


ysi,i I dx^dyst yuv,h dystdyuv 

s<t \ n<t7 

as = 0, by virtue of dH]), with V = Ea<b^“^^> ^ C^{M). 

Collecting the terms of degrees 2, 1, and 0 in the variables yab,c, a < 6, on the 
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right-hand side of [ii]- (l571) . it breaks into the following equations: 


0 = 


E{fp 

a<b '■ L 


dVa. 


-V 


ab 


I abA'.rs.j 
0 


0 ) dyki \ ’ 


0 = 


2-5, 


I 1 (T ^ 1 

■^2-5i, eh jab dvrsdvkl j 
r < s, k < 1; i, j, k, l,r, s = 1,..., n, 

2 {T \ij p ( 

\ EH Jab dx^dyrs 2 


r j^ab,i;rs,j 


rs,j;ab,i\ 


dx^ ’ 

r < s;j,r,s = 


0 = XI XI (^EH)al iJoxi ’ 

h<ia<b 

where we have used the notations below, 


{Leh)o — 2 Xr<s Xfc</ "^0 ' ’ 

^ (»“»’“ + !/V‘) - 


r<s k<l 


_2yk^ {ySlyjr ^ yrlyjs^ _ 2yH ^ySkyjr ^ yrkyj.^^j . 


Moreover, as a calculation shows, we have 

l<f<j<n 


det 


(^{Leh) 


l<r<s<n 


= -(n- l)p 2 


(n+l)(n+4) 


l<j<fc<n 


l<a<6<n 


where p is defined in (fT^ . If A = 

( {LEH)ah) , then from (l37ll -[i] for h < i, it follows: 

V /l<a<6<n 


is the inverse matrix of 


(38) 


dV 


dy. 


- = -X X 


A ab OjLBHj^t wed 
<d^p<q 9Vcd ’ 


< &, S < A 


and by imposing the integrability conditions to these equations we obtain 


0= E E 

a<b j<k 


dEfk djLEHYjl _ 9A% djLEHjil 

dy-uv dyab dyst dy^b 


r d^ihEHji'; 

d\LEHYl i ^ 

I dyabdyuv 

dyabdyst j J 


v 


ab 


( 9(LEH)i': 


d(LEHyA 

I dyab 

dy^„ 

dya.b dyst j J 
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and substituting (1551) in the previous equation, we eventually have 


(39) 0 


QAjfc d(LEH)it d(LEH)il 

/ ^ ^ dy-uv dyed dy^t dyed 

c<dj<k ^ 

,\hi (d^{LEH)it _ 

jfc dyeddye.e dyeddyet J 

\\hi \ ' \ ' \o-b f d{LEHYet 9 {LehY,% \ 

jfc / ^ ^ pq dyed dyab dyab dyed ) 

a<hp^q 


vcd_ 


Furthermore, from = —A • 7 ^^ • A, it follows: 

’ dypq dypq ’ 

f)y iv f)y jk 

^yuv ^ ^yuv 

^<77p<(7 


Hence 


dA% d^LEHYjl dK% diLEH)il 


dy-ev dyed 


dyn 


dyed 


= EE 


Aki I _ 

^\v I 


<^<77 p<<7 


diLEH^Y, /^pa d{LEH)it 


dy 


jk dyed 


d{LEH)pq A pa d{LEHyY„ 

dyet ^^jk dyed 


and letting 


$ 


Jk 

st.,uv,cd 


d^{LEH) 




Hit 


dyeddyst 

' d{LEHY„E 


dyeddy 

+EE^«((—.. 

djLEHyi ^ djh EH) 


a<bp<q 


djLEHYt t 

dyab J 


d{LEH)l 

dyed 


i a(^EH)it 


V dyab dyav j dyed 

the equations (1391) transforms into the following: 


0 = ^ (A ■ h<i,s <t,u<v, 

c<.d 


where $st,ui> is the matrix {^st,uv)i^ = ^it,uv,cd’ every s < t, u < v. As 
dim $ii _23 ^ 0 for n = 3 and det ^ 12,34 ^ 0 for n > 4, it follows = 0. □ 

Remark 6.1. For n = 2 the E-H Lagrangian density is known to be a conformally 
invariant 2-form; hence Aeh admits—in this dimension—the Liouville vector 
field as a vertical infinitesimal symmetry. 


7 Jacobi fields and presymplectic structure 

Let y(p) C TE be the sub-bundle of p-vertical tangent vectors for the submer¬ 
sion p: E ^ N. The infinitesimal variation of a one-parameter variation St of 
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a section s: N ^ E is the p-vertical vector field along s, X G r{N,s*V{p)), 
defined by the formula, = tangent vector at t = 0 to the curve t i—>■ St(x), 
Vx G N. On a fibred coordinate system (x*, y“) we have 


(40) 



Let S be the sheaf of extremals of a second-order Lagrangian density A = Lv 
on p: E N whose Poincare-Cartan form projects onto J^E: For every 
open subset U C N we denote by S{U) the set of solutions to the Euler- 
Lagrange equations of A, which are defined on U. As is well known (0, m. 
[24] 1 in the Hamiltonian formalism extremals can be characterized as the solu¬ 
tions to the Hamilton-Cartan equation; that is, s is an extremal if and only if 
(j^s)* {iYd&A) = 0 for all Y G X{J^E). Jacobi fields are the solutions to the 
linearized Hamilton-Cartan equation. Precisely, a Jacobi field along an extremal 
s G S{U) is ap-vertical vector field defined along s, X G T{U,s*V{p)), satisfying 
the Jacobi equation {j^s)*{iYLxG)dQ\) = 0, VF S X(J^(p“^C/)), where 
is the first-order infinitesimal contact transformation on J^E associated to X 




In fact, it is readily checked that if St is a one-parameter variation of s and St 
is an extremal for every t, then the infinitesimal variation X of St (see (SOI)) 
satisfies the Jacobi equation. Hence we think of the Jacobi fields along s as being 
the tangent space at s to the “manifold” S{U) of extremals and accordingly we 
denote it by TsS{U). Let s: N E he an extremal of a Lagrangian density A 
defined on J^E. 

In a fibred coordinate system (x*,p“) a vector field X G r{U,s*V{p)) along 
an extremal s is a Jacobi field if and only if {j^s)*{ig/gyo,Lxa)dQA) = 0, for 
I < a < m (see [301 section 3.5]). By using the formulas (fTTl) . (fT3]) . and (USD, 
we obtain 


Lx(i)d<dA = Lx(i) {{-ly ^dpl^Ady°‘Avi + dHAv} 



Hence 


id/dy°LxO)d&A 
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and finally, 


0 = ^ 

OX 


ds^ / ( o/s 


I ay° 


9{X^^\A)) . -1 

dy^ ^ 




f a(x«(pj.)) ,1 

o.« °J s 


V 


Expanding, 

d'^V 


dx'^dx^ \dy 




(41) 


d^sf^ 


J ^ + 




= 1/7 


f o j^s _O 

^ dx^ ydy^dy"^ ^ dy^dy~^ ^ j 


-^OJ^S 


2<,/3 


d^s‘ 


dy^dy'f 


d^p'^ 


dx'dxJ 1 dy-idy^ ° J ^ 


d^p\ 

dx^dy^ ° ■! 


I ay"' / ^ / 
~^~dx^ ^ dx^ 


/^sj 




d^pi. 


dy^dyl 
1 


oj^S 


9 Pa -1 




dyf>dyl 

dp!^ _ ^ 
ai/“ 9yT 


ojlfi 




dx'dyl 


T O j S + 


9y“9pfe -I 
1 < a < m. 


/^s|, 


Remark 7.1. In the case of the E-H Lagrangian density, Greek indices of the 
general case transform into a pair of non-decreasing Latin indices: a = (a, &), 
1 < a < b < n, and a Jacobi vector field along g can locally be written as 
follows: 


X,, = V E“'’ 

Z^a<b 




V 

^a<b 


g{^) 

V°‘''{x){dx°‘)x 0 {dx^)a:, Vx £ N, 


with for a > b. Moreover, in this case, the general equations (I4ip for 

Jacobi fields can also be written as follows: 


0— I [{SauSjfj, + SayS^j) g’-*’ — q’’^ SaiySfjy — g^g^j 


dx'’'dx3 

A 

Act 


gab (Y9)l^_g>~.^r,bP 


- [s"' (r»)L - +%9^“ (rs)^>, +%9^“ (r9)t 

+% [9^' - 5^“ (rs)),;,] + % (rs)t;,]} 


av° 


( 42 ) 

+ 9 ^' {(k®)“.a +9“’'9t. ((r®)*,. (rso)-; - (r^)-^) 

+ (r«):, (r«);:A-(r3)L (r«)^,-(r9):;, {r«)“,+(r9)“, (r^)-;,} y“^ 

1 < pi < < n, 

whereE® denotes the Levi-Civita connection of g, and i?® its curvature tensor. 
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Example 7.1. If {N,g) is a flat 4-dimensional Lorentzian manifold, then locally, 
g = with ei = —1, £2 = £3 = £4 = +1, and the equations (l42l) of the 

Jacobi fields along g are as follows: 


(«) E 

= 0, 

1 < A < 10, 

where 



[/I = yii, t/2 

= p3 ^ yl3^ 

t/4 = t/14^ p5 ^ y22^ 

jje ^ ^23^ IJ7 

= p8 = y33^ 

P9 = I£34^ jjW ^ y44^ 


P2l= P3p2^ 

P3l= plp3^ 

Pl= 


P^= 0, 

o' 

II 

Pi=^iDy, 

^ 9 '= 0, 

P|=iZ)2Z)3, 

Pi=\D^D\ 

p2= 0, 
Pi=^D^D\ 

p2 = |plp4^ 

p| = ^(p3)2-l(^ 

Pi= 0, 

Pi = ^D^D\ 

Pi= 0, 

p2 pi p2 

-^10— 9 ? 

P3= 0, 

P| = iZ)2£)3^ 


Pi=^D^D^ 

P3=lplp2^ 

P3= 0, 

pi= 0, 

P| = iplp4^ 

P33 = ^P1P3^ 

P4= 0, 

Pi=^D^D\ 

P34 = ip3^4^ 

p4^^p2)2_i(^3)2^ 

Pl=^D^D\ 

^6 = 0, 

p4=lZ)lp2^ 

Pl=^D^D\ 

Pg4=lplp3^ 

0, 

Pf = ip2p2 

P|= -P^P2 

II ' 

i"l= 0, 


Pl= 

P5= p2£,4^ 

Pi=^D^D^, 

II 

P30 = ^P2^^ 

Pf = ip2£,3^ 


A\2 


-,i\2 


p6 = ^plp3^ 

Pl=^D^D^ 

p!= 0, 

^1= 0, 

Pl=UD^f-\{D^)\ 

Pl=\D^D\ 

P6 = ip3£,4^ 

pi= 0, 

Pfo = ^P2P^ 

Pl=\D^D^, 

p7=^D^D\ 

^J= 0, 

P7=^D^D\ 

Pl= 0, 

P/ = ip3^4^ 

p7=l(pl)2_l(^3)2^ 

p7=^D^D\ 

Pj = ip2p3^ 

Pl= 0, 

P!=\{D^)\ 

^1= 0, 

P 38 = -Plp3^ 

P!= 0, 

p8=-l(p3)2^ 

P|= P2p3^ 

P3= 0, 

pi=UP'f-h 

Pg8= P3p4^ 

P!o=fiDy, 

pI=4d^d\ 

P9 = ip3£,4^ 

0 " 

11 

P| = ^P1P3^ 

P| = ^P3^4^ 

Pl=\D^D\ 

P9=lp2£,3^ 

^^1= 0, 

Pl=\{D^f-\{D^)\ 

^'*0= 0, 

P/o=i(P^)^ 

Pi°= 0, 

^^3°= 0, 

P430= -D^D'^, 

P^o^^iD^, 

PglO^ 0, 

PW= p2£)4^ 

pio^ _l(p4)2^ 

Pgio= D^D^, 

PlMiP'f-kEUiD')^ 


1 < f < 4. 
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If a solution to (HHl) is expanded in power series up to second order, 

i.e., Xfx^ + J2i<j<k<4 terms of order > 3, then 

evaluating it at = ... = = 0 , we obtain 

(44) 


^22 = ^12 ~ "*^11 + '*'33 + "^44 “ '*'23 “ ^24 + ^22 + -^ 22 : 

-^23 = "*^13 + "*^12 “ + 2A44 — A34 - A24 + A23, 

^24 = ^14 + ^12 “ ^34 “ 2 A 44 + 2 AI 3 + AI 4 - A 23 , 

•^33 = "*^13 + "*^33 “ -^23 “ -^ll + + ^33 1 

A34 = A44 + Afg + A34 — A24 — A23 — 2A44 + 2A22, 

A44 = Af4 — A44 + A24 — 2AI3 + 2A23 ~ 2AI2 — A22 + AI4 — A33 — A} 5 , 


etet j-et etet z^et oo zo zz z 

A 23 = 2 A 22 + 2 A 44 - AI 4 + Afg - A 42 - A 44 + Ajg 

\4 


''13J 


A24 = —A34 + 2AI2 + 2AI3 + A44 — A42 + Af4 — A43, 

•^33 = “•^44 + ^23 + ^24 + •^13 + ^14 “ ^12 “ ^12 j 

A44 = —2A33 — 2A44 + 2A23 + 2A24 — 2A22 — 2A22 + 2A34 — 2A33. 


Hence the space of quadratic Jacobi fields along 5 is a vector space of dimension 
90, with basis 


x^x'^Ei, 

x^x^Ei, 

x^x'^Ei, 

{x^fEg, 

{xyE2, 

((x^)2 - {x^ f)E2, 

{x^fEg, 

x'^x'^Eg, 

{x^fEg, 

{x^fE4, 

{x'^YE4, 

X^X^Eg, 

{x^fEg, 

x^x^E^, 

x^x'^E^, 

{x^fEg, 

{x^?Eg, 

x^x^Et, 

{x^fEy, 

{x-^fET, 

x^^x^Es, 

{x^fEs, 

x^x'^Es, 

X^x'^Eg, 

{x^YSg, 

x^x^Eio, 

x'^X'^Eig, 

x^x^Eio, 

{x^)^Eio, 



(xi) 2 i?i, 

X^x'^E 2 , 
x^x^E^, 

X^x'^Eq, 
x^x^Es, 

{x"^YEi + X^X^E 2 j 
X^X^E i + X^X^E 2 , 
x^x'^Ei + x^x'^E^, 
-{x^fE^ + {x^fE^, 
2 x‘^x^Ei + {x'^YEq, 
—x^x'^Ei + x'^x^Eq, 
2 x^x^Ei + {x^YEt, 
-{xY^E, + {x^)^Es, 

— 2 x^X^Ei + (x^^Eg, 
-{x'^fE + {x'^)'^Eio, 
[x^YE 2 + x'^X^Eg, 
2 x^x^i ?2 + (x^)^£'4, 
x‘^X^E 2 + X^xEg, 
{x^YE 2 + X^X^Eq, 
X^x‘^E 2 + X^x'^Es, 

— x^x^i ?2 + X^X^Eg, 

{x^YE + x'^x^Eq, 


x'^x'^Ei + X^x'^Eg, 
x'^x'^Ei + x^x'^Ei, 
x^x^Ei + x^x^E, 
X^x'^Ei + X^X^i? 5 , 
— 2 x^x^Ei + {x^)'^Eq, 
—x^x^Ei + x^x'^E-j, 
—x^x^Ei + x'^x^E-j, 

— X^X^Ei + x'^X^Eg, 
2 x^X‘^Ei + {x'^yEg, 
2 x'^X^E 2 + {xY'^Eg, 

— x^x^i ?2 + X^x'^Eg, 

2 x^X^E 2 + (x^)^i? 4 , 

x'^x'^E 2 + X^X^i? 5 , 
—X^x'^E 2 + X^X^E-j, 
-{x^^Eg + x'^x'^Es, 
X^X^E 2 + X^X^i?io, 
-{x^fEg + (x 2 ) 2 i? 8 , 


x'^X^Ei + X^x'^Eg, 
{x^YEi + X^X^Eg, 
{xY'^Ei + x^x^E^, 
((x4)2 - (x3)2) {E, + E,) , 
—x'^x'^Ei + x^x^Eq, 
-2x^x^Ei + {x^)^Er, 
x'^x^Ei + x'^x^Es, 

— x'^x'^Ei + x'^X^Eg, 
X^X^ {El + Eig) , 

2 x‘^X^E 2 + {x'^^Eg, 

— X^X^Eg + X^X^E 4 , 
{x^YEg + X^x‘^E4, 

— X^X^Eg + X^x'^Eq, 
{x^YE 2 + X^X'^Et, 

— x'^X^Eg + X^X'^Eg, 
-{x^YE 2 + X^X^i?io, 
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where 


{{x^f - {xy)Ei + {x^fEs + x^x^Er, 
((a:^)^ - {x'^)‘^)Ei - {x^YE^ + {x'^fEs., 
{{x'^Y - {x'^Y)Ei + (x^YEq + X^X^Eg, 
({x'^Y - {x‘^Y)Ei - {xY'^E^ + {xY'^Eio, 
{{x'^Y - {x^Y)Ei - Ix^Y^b + (x'^YEio, 


(45) 


p — 9 

^ dyii ’ 


Eg = 


-^6 — 3^23 ’ “ «i/o^ ’ 


d 

9yi2 

d 

dy 2 i ■ 


i^3 = 
Es = 


dvi3 ’ 
d 

dy33 ’ 


Ei = 
Eg = 


dyii ’ 
d 

dy34, ’ 


i^5 = 
Eio = 


dy 22 ’ 
d 

dya ' 


More generally, if = X)|j|=r ^ where 1 < A < 10, and 

J = {ji, ■ ■ ■, jY, is a homogeneous Jacobi field along g of order r > 3, then 
for every multi-index (ii,..., 14 ) of order ii J- ... -|- 14 = r — 2, the functions 
o ... o (U^) are a quadratic Jacobi held along g, as the opera¬ 

tors PY{D) are linear and of constant coefficients. 

If (ji,...,j 4 ) = (ii,..., 14 ) J- (a 6 ), then for a < b we have ja = la + 1, 
jb = 4 + 1, jh = ih for every hYa,b, and for o = 5 we have ja = 4 + 2, jh = ih 
for every h Y o,. Hence 


{dTo...o{dT K) = 

a<b 

A 


\ ... 


{la + 1 )! • • • (4 + 1 )! • • • 4 !a:“a:^ 


+ E i^/+(aa)H! • • • (^a -h 2 )! • • • 4 ! (a:“)" 


and consequently, the functions 

^ab = •^/+(ab)4! • • • (ia + 1)! • • • (4 + 1)! • • • 4 !, 

^aa = • (ia + 2 )! • ■ + 4 ! 

must satisfy the equations for 1 < a < 6 < 4, and every multi-index 
(4, • ■ •, 4) of order r — 2. 

Example 7.2. If N = (]R/27rZ)"^ is a 4-dimensional torus with Lorentzian metric 
g = Si{dx^Yj £1 = ~1) £2 = £3 = £4 = +1, as in the Example 17.11 then we can 
obtain the global solutions to Jacobi equations (H51) by expanding in Fourier 
series; namely. 


= E E fc. oxp(z/c,X'’), UY fe. G C, 


so that = “ Z)(/ci,...,fc4)eZ'‘ ,^,4 exp(*fcja;l) and the equations (gni) 

transform into the following: 
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0 = i {{k^r + + {k,f) - k^k,ui_,^ - k,k,ui_^^ 

-klk^K,...M + 5(^1)' {K...M + K...M + K,...m) ’ 

0 = - {{k^f + {k,f) + k2k,Ul_,^ + k2k,Ui^_,^ 

+kik3U^_^ j,^ + kikiUl^ j^^ - kik2 , 

0 = k2k3Ul_,^ - {{k2)^ + (fc4)^) + k3k,Ul^_,^ 

+kik2U^^ j,^ - kiks + kik^U^^ j.^, 

0 = k2k^Ul_,^ + k3k^Ul_,^ - {{k2? + {k3f) C/t.....fe, 

-kiki + kik2Ul^ j.^ + kiksU^^ j.^, 

0 = Uk2?Ul^,...M - kik2Ul_,^ + i ((fci)2 - {k^r - {k,f) 

+k2k3Ul_^^ + k2k,Ul_,^ - \{k2f , 

0 = k2k3Ul^ j^^ - kik^Ul^ j^^ - kik2Ul^ j^^ 

+ {{k^f - {k,f) + k3k,Ul_,^ + k2k,Ul_,^ - 

0 = k2kiUl f. - kik^Ul f. - kik2Ut j, 

+kzk,Ul_^^ + {{k,)^ - (k^r) k2k,Ul_,^ + k2ksUl_,^, 

0 = {uL..M - UL...m) - kik3Ul_,^ + k2k3Ul_,^ 

+ i ((fci)" - (fc2)^) + k3k4Ul_,^ - i(fc3)2C/,\° 

0 = k3k4Ul - kikiUl f. - kikzUt j, 

-hk,ui;_,^ + k2k,ui_,^+k2k3ui;_,^ + {{k^f - {k2f) 

0 = {uL..m - K,...m - K,...m) - kik,Ul_^^ 

+k2k^Ul,...M + k3k4Ul_,^ + i ((fti)2 - {k2r - (fca)^) 

for every system {ki,..., ^4) S Z^. Solving these equations for k 2 ^ 0, we obtain 



..,^4 

— Uki,...,k4 

= 0, 

— TJ^ — TJ^ — TI^ — 

— ^fci,...,fc4 ~ ^ki,...,k4 ~ ^ki,...,k4 ~ ^fei,...,fc4 

K,. 

..,^4 

- 1 
~ ^k2 

...,/C4 5 

uL 

..,^4 

- 

~ ^k2 

...,^4 5 

K,. 

..,^4 

~ ^k2 

...,^4 5 


and the unknowns remain undetermined. If ^2 = 0 but kj^ ^ 0, then 

the solutions to the previous equations are 


uL 

..,^4 

— TI^ 

— ^fci,...,fc4 

II 

..,^4 

UL. 

.,^4 



-S£ 

II 

= uL.. 

..,^4 

UL. 

- 

.,^4 ^ ki,...,k4 



= 0, 





uL. 

..,^4 

II 

?r| ?r 

r/6 

,fe4’ ^fcl, 

...,k4 ~ 

^ 1 - 

■7 

fcl,...,fc4 ’ 
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the unknowns U],^ remaining undetermined. If ^2 = A :4 = 0 but ^ 0, 
then 

Uku-.-M = Uki,...,k4 ~ Uki,...,k4 = ~ Uki,...,k4 = 

^ku-.-M = “ “ ‘^f^3U^kl....,k4) ’ 

r/2 _ —TJ^ 

/Cl ,...,^4 5 

the unknowns k^iUk^ *41 ^fei remaining undetermined. Finally, 

if k 2 = ks = ki = 0, then {7^ ... ^^ = 0, 5 < A < 10, and the unknowns 
1 < A < 4 remain undetermined. Therefore 

- Efe,=fe4=o.fe37o (fci^fc4....,fc4 - ^ksUl k^'^ eM^kjX^) 

+Ul^ooo exp{ikix^), 

U^= 1 Efc^/o ^MikjX^) + Ek2=OM^o ^M^kjX^) 

+ Efc3=fc4=o.fc37o ft^fci.-.fc4 exp(i/cja:J) + exp(z7ia:i), 

= Efe 2 =fe 4 =o t^fei.....fc 4 exp(ifcja;^), 

C^feiOOoexp(zA:ia;i), 

= Efc 3 #o C^li....,/c 4 exp(*fcjx^), 

= 1 Efc^/o exp(ifcjxJ) + Efe,=o.fe47o ^^M^kjX^) 

+ Efc3=fc4=0.fc370 t^fci.....fc4 exp(ifcja;^), 

= 1 Efc3/o (^Mikjx^) + Efc3=o.fe47o t^fci.....fe4 exp(i/cjxJ), 

C^® = Efe=fe4=o.fc37o t^li,....fc4 exp(ifc,xJ), 

C/® = 0 , 

C/io = 0 . 

Hence, by using the formulas (^5]) we obtain 
10 

U^Ea = t/|i,o,fe3,oexp [i{kix^ + ksx^)] {fIs - 

A^l 

+ ®^P [iikix^ + k^x'^ + kix"^)] {fiFla + fjF^e + £^ 7 } 

+ C^fei.o.fc3.oexp [i{kix^ + ksx^)] + Se} 

+ C/I 4....74 exp(*/c,a :0 + E, + ^^^E, + 

+ C^feiooo exp(7fcia;0b4 + C^li, 0 .^ 3,0 exp [7(fcia;^ + ksx^)] {2k3Ei + E 3 } 
+ C^feiooo exp(ifcia;0£^2 + C/fc\ooo exp(t/cia;0£^i, 
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and the vector fields 

Xf = exp [^(fclxl + ksx^)] { ^ - air } > ^3 

= exp [i{hx^ + ksx^ + k 4 X^)] {^a|r + ^a|r + ^}> ^4 

XI = exp [i{kix^ + ksx^)] { fr ^ + air } ’ ^3 

Xl = exp \i{kix^ + k2X^ + k^x^ + /c4x"^)] k2 

. IL Isi. ^ ^ -I- i ^ ^ _i_ i_ ^ ^ \ 

\2 k 2 dyi 2 dy 22 2 ^2 dy23 2 ^2 5y24 / ’ 

xl = exp(t/cixi)^, 

X|= exp[i(A;ixi + fc3x3)] |2A:3^ +a|^}, 

= exp(iA:ixi)^, 

X| = expiikix^)-^, 

with k €Z‘^, span Tg5((]R/27rZ)^) topologically. 

Let A be a Lagrangian density on an arbitrary fibred manifold p: E ^ N and 
let 0A be the P-C form associated to A. Let X,Y £ TsS{N) be Jacobi vector 
fields defined along an extremal s £ S{N) for the Lagrangian density A. Then, 
d[{j^s)*{iY£)ix<.^^d,QA)] = 0 (e.g., see [9]); i.e., the (n — l)-form iY{i)ix<.^)dQA 
is closed along j^s. 

The alternate bilinear mapping taking values in the space Z'^~^{N) of closed 
(n — l)-forms, defined by 

(W2).: T,5(Af) X TsS{N) -£ Z"-i(7V), 

{uj2)s{X,Y) = (j^s)* (ir(i)*x(i)rf0A) 


^ 0> 
^ 0> 
7^0, 
^ 0, 


is called the presymplectic structure associated to A. 

Theorem 7.1. Lei s be an extremal of a second-order Lagrangian density A = 
Lv on p: E ^ N with Poineare-Cartan form projectable onto J^E. Assume 
that the variational problem defined by A is regular in the sense of Proposition 
12.21 For every x £ N, let i?^(A) C jf{s*V{p)) be the vector subspace of 2-jets 
jfX of p-vertieal vector fields along s that satisfy the Jacobi equations SB) at X. 
If the natural projection pf : F(fj{K) -£ jf.{s*V(p)) is surjective for every x £ N, 
then the radical of the valued 2-form {ui 2 )s vanishes. 

Proof. According to (fT^ . we have JOa = A dy°' Avi -\- dH A v. If 

xP) = yd) = with e c-(iv), 

then 


(^2).(vy) = 

+ («&»■"-yfSi) (liojA)} 


j^s 


If we assume the vector field X belongs to rad(w 2 )s) then by evaluating at x the 
equation (w 2 )s{X,Y) = 0, VT £ TsS{N), we obtain 


(46) 


0 = [y-(x)iy“(x) - y“(x)iy-(x)] ^Uls) 

+ ^UxS), 


1 < i < n. 
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The assumption in the statement implies that given arbitrary values for (x) 
and there exists an element j^Y G i?^(A) projecting under the natural 

mapping p\-. i?^(A) —> J^{s*V{p)) onto the 1-jet at x the coordinates of which 
coincide with these values. Accordingly, the coefficients of W^(x) and 
in (l46l) must vanish, i.e.. 


o = v-0 ojh) - V- {^ojh) + f; , 

(47) !<*<'«, 1</3<to, 


0 = V^ 




h,i = 1,... ,n, 1 < /? < TO, 


as the point x is arbitrary. Hence the formulas (ITTl) are the equations for the 
radical of (w 2 )s. If we set 


V={V\...,V^), Om 


( 0 ,..., 0 ), 


T = 


( a i \ l< 2 <n,l<a<m 

%) “ ■ ■ “ , 
J l<h<n,l<P<m ’ 


then the second group of equations in (1471) can matricially be written as 


(H,...,H)-(To/s)=(0™,...,0^). 

n times n times 


If the variational problem defined by the density A is regular in the sense of 
Proposition 12.21 then det T 0; Hence V = 0. □ 


Criterion 7.1. Next, we give a criterion in order to ensure that the condition 

of Theorem 17.11 holds. According to (IT^ we have p), = where L is the 

first-order Lagrangian defined by (13, also see Theorem 14.II As is known, the 

Hessian metric of L is the section of the vector bundle S^V* (pj) locally given by, 

Hess(Z) = ^ it dmyf As mentioned in section there is a canonical 

dyf^dy'r ‘’J 

isomorphism 

I: {pI)*[p*[T*N)®V{p))^V{pI), 

and dually, 

I* : V*{pI) -G {pIY {p*{TN) 0 V*{p)), 

I* 0 (rfy“)*(,)) = {dioyT)jis ■ 

Hence the Hessian metric can be viewed as a symmetric bilinear form 
Hess(Z),i, : V, 1 s{pI) x V.iYpI) = [(T^iV) 0 H.(,)(p)] x [{T^N) 0 Vs(.){p)\ ^ K, 
and we can define a linear map as follows: 

Hess(L);,^: {T*,N) 0 (T*N) 0 H,(,){p) ^ 

Hess(L)^.i^ {wi,W2,Xi) {X 2 ) = Hess(L)jis (wi 0Xi,ri;2 0 X 2 ), 
ywuW2GT*N, VXi,X2 el4(,)(p). 
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The matrix of Hess(L)^.i, 


S2(r*Ar)®K(,)(p) 


IS 


T*' = 


in the standard basis. Moreover, letting vj, = 


l+(5i 


aPa 

W1 


dp^ 

'd^ 




l,i<i 


(x), and denoting by E° 


the right-hand side of the formula (HD) , this formula, evaluated at x, reads as 
follows: = £'“( 2 :), which is a linear system with m equations in 

the ^n{n + 1) unknowns vjj, 1 < i < j < n, and the matrix of this system is 
precisely T^. Consequently, if Hess(Z)^ig is assumed to be surjective, then the 
previous system is compatible. 


Corollary 7 . 2 . The radical of the valued 2-form (aj 2 )g corresponding to the 
E-H Lagrangian density along an arbitrary extremal metric g, vanishes. 


Proof According to Theorem 17.11 in order to prove the corollary above, we 
need only to verify that the projection pf: i?^(A) —>• Jf{s*V{p)) is surjective 
for every x € N. By considering a system of normal coordiantes for the metric 
g at the point x, and letting = V°‘^{x), (x ), the equations 

evaluated at x, are written as follows: 


0 = 5 [ei {6a^6j^ SafiS^j) (5*'’ - 

= t (<;+< - 

1 < fj, < u < n, 


which is a system with in(n -I- 1) equations in the jn^(n -T 1)^ unknowns 
l<fi<iy<n, with and where the scalars 

1 < a < & < n, can take arbitrary values. A particular solution to this system 
is obtained by letting, 


(48) 


(i) = SiVii = 0 

(ii) = EiC = -£b{R%^b{x)v‘^'> 


The equations (l4^ -lil hold by setting = v^f', Vi, = 1,..., n, fJ, < v , 
while the equations (H51) -fii') hold by setting 


uC: = u- = 0, 2 < * < n 


1 < p, < V < n. 


□ 

Example 7.3. Below, we compute the presymplectic structure associated to 
Example 17.21 i.e., we compute ( 012)9 Lagrangian density when 

N = (R/27rZ)'^ and g = ei{dx''Y, Si = —1, £2 = £3 = £4 = +1 by using 
the basis X*, l</i<8,fcGZ'^of that example. We follow some ideas in [23 
Section 7] for our particular case. 
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According to the previous notations and calculations, we have 
(cC2)3(X,r) = 


( 


dV^y^ab _ yabdW^ 


dx^ 

av“'' d 


dx3 




Vi, 




wCl) = ya^b d _|_ 

dVab dx3 dVab.j 


, + 


d 


and from the formulas 


it follows: 


9Pki 

dyu'v 


oj^g = 0. 


Therefore 


{uj^)g{X,Y) = [-ir-^u:^{X,Y)vi, 


where 


-5(v,y) = (ife »i‘9) («?»'“* - 


k<la<b 

and, as a computation shows, the scalar differential forms are given by 


1 

LU 2 


1 I I 


2 i dx'^ 


1 ( dW 


11 




dx^ 

dW 


+ • 


dx''^ 




f dW^' 
l dx'^ 


I I dW 

■ + - 


dx'^ 


• + 


dx^ 


1 /^ 


22 


/ aw 
(aw 


12 


+ 

T- + 

13 


dx^ '^~a^ 
aM/13 Qw' 


I aw^^ I aw‘ 


t/13 1 (aw^^ , 8w 33 , ew32 

7 *'^ “2 + + 


aw 


44 


arc^ 

aw 

“a^ 

aw 


14 


14 


\ dx 

/ aw-- I_ 

dx^ dx'^ 

1 / av^^ I av^' 

2 \ arc^ acc^ 


• + 


, 1 . / ay_“ , av^' 
2 y arc^ acc^ 

I ( dv'^^ av/^ 

y a^^ aa:^ 

I /av^_ ay^ 

I dx^ dx'^ 


ayy 

dx'^ 


aw^ 

ax^ 

aw^ 

axk 

av\ 

dx^ 

dV 




■) ■' ^ 2 aa; 

( aw 


44 


12 


■)y ”+4 


dx^ 
1 (dW' 


■) 1"^^+ 
■)w/“+l(' 


dx 


1—+ 


arc^ 

aw 

dx^ 

aw 


22 


12 


22 


av-" 

dx^ 


44 


I q I ov 

' dx'^ dx'^ 


IT“ + 


- + 


~dx^ 

av^^ 


aw 

aw 
■ aa;^ 

aw^2 

~d^ 


13 


aw-^ 

■ “a^ 

aw 

dx^ 

_ awf^ 

aa:^ 


' d'^ 

aw^\ 

dx^ j 

aw 




\/- 

22 


14\ 


+ 


dx^ 

aw^ 

dx^ 






22 


av 

aa; 


aw 

dx^ 


dx^ 


.) W-i(^ 
-) W-i(^ 
-) W-i(^ 


aw^-^ I aw 
aa:^ 


av^ 

aa:-*- 


• + 


aW 

aa;^ 


av^ 

aa;^ 


■ + 


aa:^ 


I av 

I av^ 

'^~alP 

dx^ 

avY 

dx^ 

av( 

dx^ 


11 


av 

~~d^ 

av^ 


33\ 


w 


12 




aw 

~d^ 


• + 


av^ 


aw 

dx^ 


dv^ 


-+^ 




H/3 
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2 

CJ2 


1 ( dW 

2 “aP" 


-12 314/23 ^ 914/44 ^ 9 ^ 1 * 1 * 

“3P“ ■'■ “aP“ ■'■ “aP“ 


+ 5 


_1_ 

ay-^^ 

_ 91^“ _ 

av^^ 


3x4 

~dx^ 

3x2 

+ 

314/22 

314/34 

_ 3w4 

9a; ^ 

9a; ^ 

9a; ^ 


P)V^^ 

-) W/“ 

t)l/12_i (S 


+ 

-44 


_ 

£5/24' 


' ayii I 

9a; ^ Qa;^ 


dV' 

9a; 


-33 


+ 

+ 


+1 


fav^^ 

y dx^ 

j [~d^ _ - _ - _ - ^ 

f aw^^ I atv^^ atyi^ ^ t/13 _ f av^^ , av^^ avi^\ t 

Y dx^ dx^ ax2 y y 3x4 9x1 9x2 ^ 

'”' aw/i^ , aM/i^\ 1/14 /ai/^4 91/14 ^ 91/12'^ ^^^14 

-“l^"aP- 

1 ( av^,8v^,ay^\ ^22 

3x1 9x4 3x4y 


av' 

dx 


'dw^ 

dx^ 




1-14 
9x2 


V/14_(c 


9V- 

9a; 


-24 


) W" 


-13 


•23\ w22 _ 1 
2 


aiyi^ I aw^^ , aw^\ 

3x1 3x4 3x4 y 

•11 . 314/22 914/33 ai4/44 

3x4 3x4 

_ 314/^^ _ 314/' 
3x4 3x4 


_i / aiyii I 314/^^ 

2 y 3x4 3x4 

_1 / 314/II I 311 /^^ 

2 3x4 -I- 92,4 


9a; 

'23 I 1 / 9V^^ I 9V^ 
9a;^ 9a;‘ 


1 (_dV 

2 ^ 9a;^ 


9W^^ _ 9W^^ I 9W^‘ 
9a;^ 9x^ 9a; 

23 qy 12 qy 24 

9a;-*- 9a;^ 


i)i'“+4(t! 

T/24 I 1 / 9V^^ I dV‘ 
J 2 y”9x^ ^ 9a;‘ 


-22 

r “ 

-22 


dv- 

dx' 


33 


9V^‘ 


-44\ 


-24 


_dW^,d}^ 
9a;9a;-' 


. 

9a;‘ 


9a; 

-33 ;:,v44 




■23 


_ ^ 

9a;' 


-)w^^ 


341/11 ^ y33 


31/44 ^ 94 - 
3x2 -I- 9 , 


-) 


+1 


_aw^ 

3x4 


av^ 

3x4 


a 


an/^-i ( aM/^-‘\ 1/34 f 

“3P“ + “aP“j ^ 

-24 314/12 914/33 314/23 914/1: 

3x4 3x1 Q^'Z 3x4 3x2 

_ 31 / 1 ^ _ 31/44 94-23 94-1 1 

3 x 1 3 x 2 3 x 4 3 x- 


1^33 

-) 


9V^ I 

”9x^ 9a;4 


1 ) 




'44 


_9^ 

9a;^ 




3 

L92 


2 1" 

“3P“ + 

93;-^ dx-^ 

dx^ 

9x‘ 

1 

/ 31/24 

31/22 g^,44 

31/14 

9V' 

2 

1 "aP" 

9a;'^ 9a;'^ 

9x^ 

9a;‘ 


') 


•11 


^ y c/x ux~^ ux ux 

fdw^_ dW^,dW^ (2 

I 9a;^ dx^ dx^ J I 1 


9V^ 

9a; 


13 


-) w 

. ^ + w 

dx^ dx^ j 

1 (dV^_dV^ 

2 \ 9a;^ dx^ 


•12 


I 1 ^ 91^^^ 9ty^^ 9Vy^^ I 9W^^^ t/13 _ 1 {c 
2 ^ 9a;^ 9a;^ 9a;^ ^ 9a;^ y 2 ^ 

- 1 -“+ (ft^+e+igi)«' 

( I 9Vy^^ _ 9tv' ■" 

y 9 a;^ dx^ dx^ dx 

Ks 


9v^^ I 
9a; ^ 9 a; ^ ^ 




•13 


14 


I 1 / 9tV' 

"^2 \^“9^ 


9V^^ _ 9V^ 

9a; 


3 x 2 i" /)^3 “flTTT 

-44 31/23 91/11 

3x4 3x2 3x4 

I 1 / 3Vi/22 314/33 911/44 

"•"2 3x2 3x2 ■r“a^ 

, / 3M/44 , 311-24 911/23’ 

“aP“”^“^ 

l/44\ ^33 


314-4411 1/22 

“aP“j 

'44' 


9a; 

_ 


W"- 


,1 /aw/ 
■'■2 \ d^ 


■23 _ 344-13 314/34 

7^ 3x1 i- 9^4 y 


-ap-y ' 


‘) 

_ dv^^ I 9v^ 

c‘^ dx^ dx- 

I'J t;i/24 

■44\ ^33 


11\ --23 1 (c 

^ dx- 


dx^ 

3v2 

3x4 


+5 


3M/43 311-44 911-22 ^ 

3x4 3x4 3x4 

-11 


,1 /aw/ 
-^2 [~a7^ 


1)1/ 

3v44 91/24 _ 9y23 \ 

9a;9a;“^^1” I 

1 /dV^_dV^,dV^ 

^ 9x^ 9a;^ ^ 9a;‘ 

9tV^^\ T^34 1 / 9V^^ I 9V^ 

9a;^ y 2 y 9x^ ^ 9a;^ 


-44 


. 

dx- 


?) H- 


•23 




9a;‘ 

9tV^^ _ 9tV^^ _ 9tV^^ I 9tt^\ 

9a; ^ 9a;^ 9x'^ 9a;^ y 


2 


3V-44 91/' 

ax 


'22 


. ^ 

9a;' 


-11\ 


•34 


_1 / 9V' 
2 I 9a; 


-11 


. §xll 

dx^ 


_ dv^‘^ . 
9a; 


9^22 QY‘ 

dx^ dx- 


P) 
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4 

UJ2 — 




'dW^^ 

n” 


_1 ( dV 

2 \dx 


33 


8Vc3'‘ , 8Vc 33 
ax^ ax^ 

8Vc3'‘ 

avci'*' 


8x3 

ax^ ^ 

_ax^ , av^ 

8^34 

_ avi^\ 

W/“ 

ax^ ax^ 

ax^ 

ax ^j 


_i_ (— j_ ow-‘ 1 ow ^ 

dx^ ^ dx^ 

•'“-+^)v'‘-{- 


_ dw 

+1,—+ 

+K' 


\/12_ 


, dy_ 

dx^ ' dx 


dW^ 


' dW^^ dW 
dx^ 


dx^ 

•22 

dx^ dx^ 


dV 

dx 




-) 


13 av34 gy 

8x1 -I- 




eiy33 g^. 

~^~a^ 




1 (dy± 

2 


. SV^ 

dx^ 


. SV_ 

dx 


33 av^ 
3" ~a^ 


I 


r/34 


,1 / dw^^ I 
2 \ 


dW^ 


dW 


dx 


33 , aw 


-) 


av3 

c^a;** 


■ + 


ayi 

c?a;l 


, /_ _L dw 

^ dx^ dx'^ dx' 


3^34 

dx^ 

24 


. ^ 

dx 


33 ^ ayi 


W" 


22 


-) V^^-(- 


8v 3<‘ 
8a: 3 ■ 


av^ 

arc" 




,1 f_dW 
^2 I arc 


I dW 

71- + 


, 1 ( avy^^ 
+ 2 l““al^' 


_ av^ 

arc^ 


I 1 / avy^^ I aw^^ 

2 ^ arc^ arc^ ax^ ax^ 


ax^ 

- 

ax^ 

- 

8x3 

,,33 


' , 8W^33 

'+ a,.2 • 


81^^ “ 
■ “slP 


)' 2 8x 


11 8^3 

8x3 


8^3 

""8^ 


8V^ 

""8^ 


■ + 


8iy34 gyyll _ 81V' 


8^34 
8x3 i" 


ax^ 
ayii _ w 
ax"^ ax 


ax^ 

22 


-|_i / OW ~ 

~'~2 I “aP" 


sw^i^ _l_ aw 


I aw"^^ 


-) 
-) W 

;)v«_.(_ 


33 


dV^' 

dx^ 


• + 


:/33 


ax^ 


. 

dx^ 


_dvz 

dx^ 


]W^ 


dv^ 

dx^ 


^ , av^ I av^ 
ax^ dx^ 


jW^ 


Hence 




= 0 , 
= 0 , 
= 0 , 
= 0 , 
= 0 , 
= 0 , 


w|(X|,X') = 0, 
8.|(X7^X') = 0, 
u^\{XlXi) = Q, 
ua\{XlXl) = Q, 
w|(X7^X') = 0, 


1 < i < 4, 




(X|,X|)=0, i^4, 


u;UXl,Xi)=0, 

4(-’^6 > ^ 5 ) = -ih{ki + h) exp [i [{ki + li)x'^ + ksx ^]) , 
4(^8, ^ 5 ) = exp (i [{ki + li)x '^]) 


C8^(X|,Xl)=0, 

u:\{XlXi)=Q, 

C8^(X|,X|)=0, 

t8^(X|,X')=0, 

C8^(X|,X')=0, 


88|(X|,Xl)=0, 

a;|(X|,X')=0, 

u^\{XlXi)=Q, 

a;*(X|,X|)=0, 


* 7^ 2, 


^l{xlx\) 

C21 


C 21 exp (i [(fci +li)x^ + (fca + /a) x^ + fc4x"‘]) , 

, ((fc4)^+fciri-fc3r3)((ri)^-(r3)^)+((fci)^+(fe3)^)((ri)^+(r3)") 

2 fe4(i3)3. ■ 


24 
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ujI{X^,X[) = C31 exp {i [{ki + h) x'^ + {ks + k) x^]) , 

_ i (kih-k3l3){ihf-{l3f) + {ikif + {k3f){ihf + il3f) 

*^31 — 2 HWP ’ 

UJ2{X^, X2) = 2ili exp (z [(fci + ^i) x^ + hx^ + ^43;^]) , 

ujI{Xq,X2) = C62 exp (z [(fci + li) a;^ + (fcs + ^3) a;^ + ^43;^]) , 


C62 = 


(fesfclZi —(^ 3 )^/ 3 —2Zi/3 + fe3(/i)^ + fc3(/3)^ + fc3(Z4)^) 

U ’ 


= C63exp(z [(fci+;i)a;^ + (fca+ ^ 3 ) 3 ;^]) , 
C63 = -i- 

''k vl > 


; (fc3fcl^l —(fcs)^4 + ^3(^1)^—2^1/3+ fc3(4)^) 

h ’ 


ujI{Xt,Xq) = i{ki + ;i);3exp ([z((fci + ;i)a;^ + hx^)]) , 
to^X^Xi) = -^ >^^k+ihr+ii 3 f+(h? [(^(^ki+h)x^+l3X^ + hx^]), 

ujI{X^,xI) = +fe) + h) x^ + Isx^]) , 

u}l{X^,Xl;) = -|(fci + Zi)exp [z(fci + li)x'^] , 

uj\{X^,X\) = C41 exp (z [(fci + ^i) + k^x^ + (^3 + I3) x^ + ^43;^]) , 

1 < * < 4, 

U _ Z ki{hf+ki{l 3 f- 2 h(l 3 f 

*341 4 /| ’ 

2 _ , k 3 {hf-k 3 (lifl 3 + [{k 3 f + (k 3 ?][{h? + (l 3 ?]-kili{l 3 ?+k 3 {l 3 f + (ki?[i.h?-{h?] 
'^41 - 4 fclfe? • 

„3 _ ik 3 (l 3 f- 2 {hfl 3 +k 3 (hf 

C41 - -4 lltp • 

„4 _ i L ih)'^-{h) 

C41 — 4«:4 , 

W^(X4^X') = |^exp(i [{ki+h)x^ +k2X^ + {k3 + k)x^ + {ki + h)x^]) , 
U}1{X^,X2) = Ci2 exp (^i [{ki + h) x^ + k2x'^ + {ks + I3) x^ + {ki + U) x"^]) , 

i (/l+fcl)/l—(/3 + ^3)^3 —(U + ^4)U 

C42 - -5 u » 


Lol{Xl,X2) = -|^^exp (z \{ki + li) x^ + k2X^ + {k3 + l3) x^ + {kA + U) x"^]) , 

exp (z [(fci + li) x^ + k2x'^ + {ks + l3)x^ + {ki + ^ 4 ) a:'^]) , 


ujI{X^,x!^) = exp (z [(fci +li)x^ + k2x‘^ + {k^ + I3) x^ + k^x*]) , 

0J2iX^,x!j) = C 43 exp (z [(fci + ^i) x^ + k2X^ + {k^ + I3) x^ + ^43;"^]) , 

_ _ (/l+fcl)/l — (fc 3 +^ 3)^3 

^43 — 2 I 3 ’ 

w|(X|,X3) = -|fc2 exp (z [{ki + h) x^ + k2X^ + (fcs + ^3) x^ + A:43;‘‘]) , 
4 (X 4 ^X')= 0 , 
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w^(X|,Xi) = 
C44 = 

C44 = 

C44 = 

c|4 = 


C44 exp {i [{ki+h) + {k2+l2) x^ + ik^ + ls) x^ + {k4 + l4) x'^]) , 

1 < * < 4, 

_£ (fcl/ 2 —Ufe2)(^2+fe2) 

4 ^2^2 ’ 

£ (fcl+/i)(/2fel — fc2^l) + (^3+fc3)(fc2^3~^2fe3) + (U+fe4)(fc2^ —^ 2 ^ 4 ) 

4 A;2?2 ’ 

_£ (^3^2—fc3^2)(^2+fe2) 

4 ^2^2 ’ 

_£ (^fc2~fe4^2)(^2+fe2) 

4 ^2^2 ’ 




0, 1 < z < 3, 


^l{xlxi) 

o^l{Xl,Xi) 


-|?4 exp (z [(fci + li)x^ + hx^ + Isx^ + Ux '^]) , 
z^ exp (z [(fci + li)x^ + hx"^ + Isx^ + hx '^]), 

0 , 

^{ki - h) exp (z [(fci + li)x^ + hx'^ + l^x^ + Ux"^]) , 


u;^,{X^,Xi) = 




Cg4 exp (z [(fci + li)x^ + l2x‘^ + {ks + l3)x^ + Ux '^]) , 

1 < Z < 4, 

^{ksli + ks — I3), 

i[/i:ifc3/l—(fc3)^Z3+fc3(Zl)^ —2/3/1+fc3(/3)^ + fc3(/4)^] 

27 ; ’ 

i[ki —/i+fc3^3 — 2 (^ 3 )^] 

" 2 ’ 

2 ^3^4; 


c.l(Xg^X') = 
w|(Xg^X') = 

c.|(Xg^X') = 

LotiX^X^^) = 

ujlix!^,xi) 

iol{x!^,x[) 

ojUx^,xi) 

u;tix!^,Xi) 


i [(^ 3 )^ - (^ 3 )^] exp (z [{ki + li)x^ + (fca + ^ 3 ) 2 ;^]) , 

0 , 

-z {ki + h) {ks - I 3 ) exp (z [{ki + li)x^ + (fcs + ^ 3 ) 2 ;^]) , 

0 , 


= -|?2 exp (z [(fci + li)x^ + hx"^ + hx^ + l4x ‘^'\) , 

= exp (z [(fci + li)x^ + l2x‘^ + l3X^ + l4X‘^'\ ) , 

= 0 , 

= 0 , 


ujl{Xg,X^^) = cl^exp[i[{ki+li)x^+l2x'^+ l3X^+ l4x'^]) , 
^84 = J = 1) 3,4, 

2 _ z(Z;i/i + (/i)^ + (/3)^ + (/4)^) 

<^84 — 4h • 
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From the previous formulas it follows the closed 3-form uj 2 {X^,Xl) is exact 
except in the following cases, where [ws] denotes the cohomology class of a closed 
3-form wa: 


W2(A|,Ai)] = 

iki [U 4 ], 


' 0 J 2 {XlXi)] = 

ik 3 ({k 3 f- 

h 

Nl 

II 

(M 

3 

i( 2 kx-\-k 3 l 3 - 

2 

-2(fe3)") J 

i 02 ixlxi)] = 

N], 


UJ 2 {Xl,Xi)] = 



u: 2 iXl,Xi)] = 

f N], 


L 02 iXl,Xi)] = 




ki -\- li — I 2 — Iz — 0 , 

fci -f = fca -f ?3 = ^4 = 0 ,12 7 ^ 0, 

k\ -\- 1 \ = I 2 = li = 0, 

ki li = k^ = I 2 = 0, 

h = I 3 = U = 0, 

ki li = I2 = I4 = 0 , 

ki + li = I2 = I3 = 0 , 


[u; 2 {XtX[)] = 
[u; 2 iX^,X[)] = 
C 41 = 
[W 2 ixlx[)] = 
C41 = 
[u; 2 {XtX[)] = 

7^4 _ 


8 zn^^[v 2 ], 

[?;i] , 

^ fci(ii)^-|-fci(fc3)^-2ii(fc3) 

4 (fcsF 

[?;3], 

i ^ 3 (^ 3 )^ —2(fcl)^i3-|-fc3(fcl) 

“4 


[?;4] 

-jk4 


{kiV-iksV 


(fc3) = 


2 


2 


k 2 7^ 0, 

fci + 7^ 0, k 2 = k 4 = 0, 

ki + h = k2 = k4 = 0, 


k 2 = 0 , ^4 7 ^ 0 , 
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